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Abstract: In the planar A/" = 4 supersymmetric Yang-Mills theory, the conformal sym- 
. metry constrains multi-loop n-edged Wilson loops to be given in terms of the one-loop 

i n-edged Wilson loop, augmented, for n > 6, by a function of conformally invariant cross 

ratios. That function is termed the remainder function. In a recent paper, we have dis- 
played the first analytic computation of the two-loop six-edged Wilson loop, and thus of the 
corresponding remainder function. Although the calculation was performed in the quasi- 
^ ■ multi-Regge kinematics of a pair along the ladder, the Regge exactness of the six-edged 

^ - Wilson loop in those kinematics entails that the result is the same as in general kinematics. 

We show in detail how the most difficult of the integrals is computed, which contribute to 
the six-edged Wilson loop. Finally, the remainder function is given as a function of uniform 
transcendental weight four in terms of Goncharov polylogarithms. We consider also some 
asymptotic values of the remainder function, and the value when all the cross ratios are 
equal. 
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I. Introduction 

In the planar A/" = 4 supersymmetric Yang-Mills (SYM) theory, Anastasiou, Bern, Dixon 
and Kosower [1] made an ansatz for the iterative structure of the colour-stripped two-loop 
scattering amplitude with an arbitrary number n of external legs in a maximally-helicity 
violating (MHV) configuration. Writing at any loop order L, the amplitude M^^^ as the 
tree-level amplitude, Mn\ which depends on the helicity configuration, times a scalar 
function, mi^\ the proposed iteration formula for the two-loop MHV amplitude mn \e) 
was 

m^uH^) = \ K'He)]' + /(')(e)m«(2e) + C^^) + 0{e) . (1.1) 

Thus the two-loop amplitude is determined in terms of the one-loop MHV amplitude nin^ (e) 
evaluated through to O(e^) in the dimensional-regularisation parameter e = (4 — d)/2, the 
constant C^^) = -(1/2, and the function /(^)(e) = -C,2 - Cae - C4e^, with Ci = C(0 
and C,{z) the Riemann zeta function. In Ref. [1], the iteration formula (1.1) was shown 
to be correct for the two-loop four-point amplitude, which previously had been evaluated 
analytically [2]. Eq. (1.1) was proven to be correct also for the two- loop five-point amplitude 
through numerical calculations [3, 4]^. 

Subsequently, Bern, Dixon and one of the present authors extended the ansatz by 
proposing an all-loop resummation formula [9] for the colour-stripped n-point MHV am- 
plitude, which implies a tower of iteration formulae, allowing one to determine the n-point 
amplitude at a given number of loops in terms of amplitudes with fewer loops, evaluated 
to higher orders of e. In Ref. [9], the ansatz was shown to be correct for the three-loop 
four-point amplitude, by evaluating analytically rrv^ ' (e) through to finite terms, as well as 
m'l\e) through to 0{e'^) and m'l\e) through to O(e^). 

However, Eq. (1.1) fails for the two-loop six-point amplitude: in Ref. [10], it was 
shown that the finite pieces of the parity-even part of mg (e) are incorrectly determined by 
Eq. (1.1)^, although the parity-odd part of mg^''(e) does fulfill Eq. (1.1) [16]. In particular, 
it was shown numerically that the two-loop remainder function, defined as the difference 
between the two-loop amplitude and the ansatz for it, 

= m^^^ (e) - \ (6)] ' - /(^) (e) m(^) (2^) - C(^) + 0{e) , (1.2) 



^The one-loop fivo-point amplitude to 0{(^) has been computed analytically in the multi-Regge kine- 
matics [5, 6]. The great computational complexity introduced in the amplitude by the higher orders in e 
makes it desirable to devise regularisation schemes for which such higher-order terms are not present. A 
step in this direction has been made in Refs. [7, 8] where a mass regulator has been introduced, which does 
not require, in the square of the amplitude, higher-order terms in the regulator. 

^There were hints of a failure from the strong-coupling limit of an amplitude with a large number 
of legs [11], from the two- loop six-edged Wilson loop [12], from the six-point amplitude analysed in the 
multi-Regge kinematics in a Minkowski region [13, 14, 15]. 
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(2) 

is different from zero for n = 6, where Rn is a function of the kinematical parameters of 

(2) 

the n-point ampHtude, but a constant with respect to e. The analytic computation of i?g 
has been performed recently in Ref. [17]. 

In the strong-coupling limit, Alday and Maldacena [18] showed that planar scattering 
amplitudes exponentiate like in the ansatz, and suggested that in the weak-coupling regime 
the vacuum expectation value of the n-edged Wilson loop could be related to the n-point 
MHV amplitude in = 4 SYM. At weak coupling, the agreement between the light-like 
Wilson loop and the (parity-even part of the) MHV amplitude has been verified for the one- 
loop four-edged [19] and n-cdgcd [20] Wilson loops, and for the two-loop four-edged [21], 
five-edged [22] and six-edged [12, 23] Wilson loops. 

Furthermore, it was shown that the L-loop light-like Wilson loop exhibits a conformal 
symmetry, and that the solution of the Ward identity for a special conformal boost is given 
by the ansatz, augmented, for n > 6, by a function rI^I[/i of conformally invariant cross 
ratios [22]. Because of the duality between Wilson loops and amplitudes at one and two 
loops, R^Iyi^ can be identified as the remainder function of Eq. (1.2). 

In Refs. [23, 24], the two-loop n-edged Wilson loop has been given in terms of Feynman- 
parameter-likc integrals. Furthermore, in Ref. [24] a numerical algorithm has been set up, 
which is valid for the two-loop n-cdgcd Wilson loop and by which the two-loop seven- 
edged and eight-edged Wilson loops have been computed'^, although the corresponding 
MHV amplitudes are not known^. Thus, also the remainder functions R^j\yi and R^^]^i^ 
of the Wilson loops are known numerically, and the numerical evidence [24] confirms that 
they are functions of conformally invariant cross ratios only. However, their analytic form 
is in general unknown. 

In Ref. [17], we gave a brief account of the first analytic computation at weak coupling of 
the two-loop six-edged Wilson loop in general kinematics. The computation was performed 
in the Euclidean region in D = 4 — 2e dimensions, where the result is real, and it was found 
in agreement with the numerical evaluation of Ref. [24]. For n = 6, i?g is a function of 
the three conformally invariant cross ratios, u\,U2,u^- However, it is sufficient to compute 
the two-loop six-edged Wilson loop in any kinematical limit which does not modify the 
analytic dependence of R^^yi^ on ui,U2,u^ [28]. Among such limits are the ones which 
feature an exact Rcgge factorisation of the Wilson loop [19]. In Ref. [17], wc showed 
that the exact Regge factorisation is exhibited by the L-loop Wilson loops wi!"'' in the 
quasi-multi-Regge kinematics (QMRK) of a cluster of (n — 4) particles along a Regge-limit 
ladder^, thus in particular by Wq"^ in the QMRK of a pair along the ladder [29, 30], by w^"^ 
in the QMRK of three-of-a-kind along the ladder [31], by w^^^ in the QMRK of four-of-a- 
kind along the ladder [32]. Then, we illustrated briefly how the Feynman-parameter-like 

^In fact, in a particular kinematic setup for which only 2n-edged regular polygons are allowed [25], and 
for which the simplest non-trivial remainder function is the one of the two-loop eight-edged Wilson loop, 
the remainder function has been computed numerically through the algorithm of Ref. [24] for Wilson loops 
with up to 30 edges [26]. 

*The parity-even part of the two-loop n-point MHV amplitude has been given in terms of scalar Feynman 
integrals, yet to be evaluated [27]. 

^Note that the corresponding L-Ioop amplitudes do not exhibit exact Regge factorisation because the 
one- loop amplitude to higher orders in e is not Regge exact [5, 6]. 
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integrals of the two-loop six-edged Wilson loop have been computed in the QMRK of a pair 

along the ladder, and commented on the type of functions which appear in the final result. 

Because of the exact Regge factorisation, the ensuing remainder function is valid in general 

kinematics. It can be expressed as a linear combination of Goncharov polylogarithms of 

uniform transcendental weight four. In Ref. [17], the remainder function was presented 

in an electronic form at www.arxiv.org where a text file containing the Mathematica 

expression was provided. Furthermore, the remainder function for ui = U2 = U3 = u was 

computed, and compared to the numerical values quoted in Ref. [24] and to the analytic 

expression in the strong coupling proposed in Ref. [33]. 

In this paper, we provide a detailed account of the most difficult integral we had to 

evaluate in the analytic computation of the two-loop six-edged Wilson loop, as well as 

(2) 

the explicit expression of the remainder function Rq as a function of the cross ratios 

ui,U2,U3, and for ui = U2 = U3 = u. Furthermore, we compute the asymptotic values 

(2) 

of Rq for large or small values of the cross ratios. Finally, we briefly comment on the 
exact Regge factorisation of the Wilson loop in the QMRK of a pair along the ladder in 
backward scattering, and on the possibility of computing the remainder function in that 
kinematic setup. 

In Sec. 2, we write the two-loop Wilson loop in terms of the one-loop Wilson loop 
plus a remainder function R^^ jy^. Then we write the six-edged Wilson loop in terms of 
Feynman-parameter-like integrals [24], and derive Mellin-Barnes representations for all of 
them. Finally, we exploit the Regge exactness of the Wilson loop, and extract the leading 
behaviour of the integrals in the QMRK of a pair along the ladder. In that fashion, 
the Mellin-Barnes integrals are reduced to one threefold integral plus several twofold and 

onefold integrals. In Sec. 3 and App. C, we describe the evaluation of the diagram which 

(2) 

generates the threefold integral. The full expression of the remainder function Rq is 
rather lengthy and is given in App. H as a function of uniform transcendental weight four in 
terms of Goncharov polylogarithms. In Sec. 4, we consider some asymptotic values of the 
remainder function when the conformal cross ratios are either large or small and in Sec. 5, 
we evaluate the remainder function when all the cross ratios are equal, Ui = U2 = us = u 
and consider some special values of it. Our conclusions are given in Sec. 6. Definitions of 
harmonic sums and Goncharov polylogarithms are recalled in App. A and B. The multi- 
Regge and coUinear limits of the remainder function are discussed in App. D. App. E, 
F and G collect relations between Goncharov multiple polylogarithms and (harmonic) 
polylogarithms for several special values of the arguments. 

2. The two- loop Wilson loop 
2.1 Definitions 

The Wilson loop is defined through the path-ordered exponential. 




(2.1) 
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computed on a closed contour C„. In what follows, the closed contour is a light-like n-edged 
polygonal contour [18]. The contour is such that labelling the n vertices of the polygon as 
xi,. . . ,Xn, the distance between any two contiguous vertices, i.e., the length of the edge 
in between, is given by the momentum of a particle in the corresponding colour-ordered 
scattering amplitude, 

Pi = Xi- Xi+i , (2.2) 

with i = l,...,n. Because the n momenta add up to zero, Yl7=iP'i' ~ ^' n-edged 
contour closes, provided we make the identification xi = Xn+i- 

In the weak-coupling limit, the Wilson loop can be computed as an expansion in 
the coupling. The expansion of Eq. (2.1) is done through the non-abelian exponentiation 
theorem [34, 35], which gives the vacuum expectation value of the Wilson loop as an 
exponential, 

oo oo 

{W[Cn\) = 1 + E a^M^i^) = exp , (2-3) 

L=l L=l 

where the coupling is defined as 

For the first two loop orders, one obtains 

^^^ = W^\ =W^' -\{wi^')' ■ (2.5) 

The one-loop coefficient Wn^ was evaluated in Refs. [19, 20], where it was given in terms 
of the one-loop n-point MHV amplitude, 

-i^^ = = ^"^^ - 4 + ^^^^ ' ^'-^^ 

where the amplitude is a sum of one-loop two-mass-easy box functions [36], 

p,? 

where p and q are two external momenta corresponding to two opposite massless legs, 

(2) 

while the two remaining legs P and Q are massive. The two-loop coefficient Wn has been 
computed analytically for n = 4 [21], ra = 5 [22] and ra = 6 [17], and numerically for 
n = 6 [23] and n = 7, 8 [24]. 

In Ref. [22] it was established that the Wilson loop fulfils a special conformal Ward 
identity, whose solution is the BDS ansatz plus, for n > 6, an arbitrary function of the 
conformally invariant cross ratios, defined in Eq. (2.11). Thus, the two-loop coefficient Wn^ 
can be written as 

^^n^ (e) = f'&\{^) <^ (2e) + + + 0{e) , (2.8) 

where the constant is the same as in Eq. (1.1), Cj^^^ = C(2) = -Cl/2, and the function 
f^^\{e) is [21, 24, 37], 

fwLi^) = -C,2 + Kze-bUe\ (2.9) 
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With the two-loop coefficient Wn given by Eqs. (2.8) and (2.9) and the two-loop MHV 
amplitude given by Eqs. (1.1) and (1.2), the duality between Wilson loops and amplitudes 
is expressed by the equality of their remainder functions [24] , 

R%L = R^n^ ■ (2-10) 

Defining the conformally invariant cross ratios as, 

2 2 



2 2 



(2.11) 



for n = 6, they are [22], 

2 2 2 2 2 2 

^^36 = Ui = 5- , ^14 = U2 = o- ! ^^25 =U^ = -9 9- , (2.i2j 

•^36'^41 •^14-^25 •^25-^36 

where xf^ = (xj — Xj)^, and using Eq. (2.2) one sees that x|j^2 = a^nd xf^^g = 

where the labels are understood to be modulo 6. 

2.2 The two-loop six-edged Wilson loop 

The diagrams that enter the computation of the two-loop six-edged Wilson loop have been 
spelled out in Ref. [24]^. In terms of those diagrams, we write the two-loop six-edged 
Wilson loop as, 

= C[/ij(pi,P2,P3;0,P4 +P5 +P6,0) + fH{pi,P2,P4;P3,P5+P6,0) 
+fH{pi,P2,P5;P3+P4,P6,0) + (l/3)/ij(pi,P3,P5;P4,P6,P2) 
+fc{Pl,P2,P3;0,P4+P5+P6,0) + fc{Pl,P2,P4;P3,P5+P6,Q) 
+fc{Pl,P2,P5;P3+P4,P6,0) + fc{Pl,P2,P6;P3 + P4 + P5,0,0) 
+fc{Pl,P3,P4;0,P5 +P6,P2) + fc{Pl,P3,P5;P4,P6,P2) 
+fc{Pl,P3,Pe;P4+P5,0,P2) + fc{Pl,P4,P5;0,P6,P2 + P3) 

+fc{pi,P4,Pe;P5,0,P2 +P3) + fc{pi,P5,Pe;0,(},p2 + P3 + P4) 

+fx{Pl,P2;P3 + P4+ P5 + P(i,0) + fY{Pl,P2;P3 + P4+ P5 + P6,0) 
+/y(P2,Pi;0,P3 + P4 + P5 + Pg) + fx{pi,P3;P4 + P5 + Pe,P2) 
+fY{pi,P3;P4 + P5 + P6,P2) + fY{P3,Pi;P2,P4+P5 + Pg) 

+(l/2)/x(pi,P4;P5 +Pe,P2 +P3) + /y(pi,P4;P5 +P6,P2 +P3) 

+ (-l/2)/p(Pl,P3;P4 +P5 +P6,P2) fp{p2,P4;Pl + Pb +P6,P3) 
+ (-l/2)/p(Pl,P3;P4 +P5 +P6,P2) fp{p2,P5;Pl +P6,P3 + P4) 
+ (-l/4)/p(Pl,P4;P5 +P6,P2 +P3) fp{P2,P5;Pl +P6,P3 + P4) 

+ cyclic permutations of ipi,P2,P3,P4,P5,P6)] , (2-13) 



'Note that there is a factor 1/8 missing in Eqs. (4.4) and (B.l) of Ref. [24]. 
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where, in the terminology of Ref. [24], fjj stands for a hard diagram, fc for a cmtain 
diagram, fx for a cross diagram, fy for a Y diagram plus half a self-energy diagram, fp 
for a factorised cross diagram. Furthermore, 

C = 2a^iJ.^' [r(l + e)e^'f , (2.14) 

and the scale /x^ is given in terms of the Wilson loop scale, /U^^ = Tre* ji^. 

The six-edged Wilson loop is a function of the six external momenta Pi, 1 < i < 
6. Imposing momentum conservation and on-shellness reduces the number of indepen- 
dent multi-particle invariants to ninc^. As the basic kinematic invariants, we choose 
■Si2; 523, S34, S45, S56, S61) si23; 5342, S345, all the other kinematic invariants being related to 
them by the following relations, 

Sl3 = -S12 + ■S123 - •S23, Si4 = -S123 + S23 - S234 + S56, 

si5 = —sm + S234 — sse, S24 = — S23 + S234 — S34, 

S25 = 516 — S234 + S34 — •S345) ^26 = — ■S12 — SiQ + S345, 
S35 = — ■S34 + ■S345 — ■S455 ^36 = •S12 — S123 — •S345 + 545, 

S46 = S123 - S45 - S56 ■ (2-15) 

We use the parametric representations of the Wilson loop diagrams given in Ref. [24] 
and we derive appropriate Mellin-Barnes (MB) representations for all of them. In multi- 
loop calculations it is sometimes difficult to find an optimal choice for the MB represen- 
tation. However, in our case the MB representations are introduced in a straightforward 
way using the basic formula 

1 1 j'+ico J /\z 

— T{-z)V{\ + z)-^^. (2.16) 



{A + B)^ r(A) J_i^ 2m ' ' ^ ' B^+^ 

where the contour is chosen such as to separate the poles in r(. . . — z) from the poles in 
T{. . . + z). Note that in our case A is in general an integer plus an off-set corresponding 
to the dimensional regulator e. In order to resolve the singularity structures in e, we apply 
the strategy based on the MB representation and given in Refs. [38, 39, 40, 41]. To this 
effect, we apply the codes MB [42] and MBresolve [43] and obtain a set of MB integrals 
which can be safely expanded in e under the integration sign. After applying these codes, 
all the integration contours are straight vertical lines. Then we proceed and simplify the 
computation by exploiting the Regge exactness of the Wilson loop [17] and extract the 
leading quasi-multi- Regge behaviour by applying MBasymptotics [44]. Finally, we apply 
barnesroutines [45] to perform integrations that can be done by corollaries of Barnes 
lemmas. 

To illustrate this procedure, let us consider the hard diagram fH{piiP3,P5',P'i,P6TP2) 
of (2.13). A parametric representation of this diagram was given in Eqs. (B.1)-(B.5) of 
Ref. [24] . We consider separately the nine terms originating from the decomposition of the 



^Notc that in four dimensions wc could also impose the Gram determinant constraint. However do not 
impose this constraint and treat the nine invariants as independent variables. 
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numerator (B.l). In particular, for the first part of the first Hne of (B.l), l/2si3Si5aiQ;2(l- 
Ti), we have the following parametric integral: 

p _ r(2 - 2e)(5i2 - S123 + S23)(-Sl6 " ■§234 + S^q) 

2r(l - e)2 

X [-Si2aia2(l - - T2) - si23aia2(l - ti)t2 - S23aia2nT2 - si6aia3nT3 
-S234aia3Ti(l - ^3) - S56ai"3(l - n)(l - Ta) - S34a2a3(l - T2)(1 - T3) 
-33450203(1 - T2)t3 - S45a2Q!3T2'r3]^^~^ . (2-17) 

Separating different terms of the function in the square brackets using Eq. (2.16), we obtain 
the following eightfold MB representation: 

2r(l - eyne + 1) • • • l^ii 2^i' ^ ) 

>ci-si2rH-si23r{-sien-s23n-s234n-s34n-s45r 

X (-556)^' ^_g^^^^2e-zi-z^-Z3-z^-z,-ze-zr-zs-2 ^2.18) 

xr(e — zi — Z2 — z-j — l)r(2e — Z2 — -^4 — ^5 — — z-j — z^. — I) 
xT{2e - zi - Z2 - zs - Z5 - zj - zg - l)r(-e + zi + Z2 + z^ + za + zj + zg + 2) 



xr(e - Z5 - zq - 2:8)r(-2e + zi + Z2 + Z3 + Z4 + Z5 + zq + Z7 + zg + 2) 
r{zi + Z5 + Z7 + 2)r{z2 + Z4 + Z7 + l)T{z2 + ze + Z8 + l)T{z3 + Z5 + Z8 + I 
r(2e - zi- Z2- Z7)T{2e - Z5 - zq - Z8)T{zi + Z2 + Z5 + zq + zj + zg + 3) 



) 



Then we apply the codes MB [42] and MBresolve [43] to resolve the singularity structure in 
e. 

It might seem that we have made the situation more complicated because, instead 
of the fivefold integral in Eq. (2.17) (one of the six integrations is performed using the 6 
function), wc have now the eightfold integral (2.18). However, Eq. (2.18) as well as the 
MB representations of the other contributions to Eq. (2.13) is much more convenient for 
taking various limits. In fact, the cornerstone of our approach is to expand Eq. (2.8) in 
some limit such that for n = 6 the computation of the remainder function is considerably 
simplified. Explicitly, we rewrite Eq. (2.8) as 



r(2) 



4'^ (e) - flv^i^) 4'^ (2e)l ^ - Ci^{ , (2.19) 

J e=0 



and look for a limit in which (i) the cross ratios the remainder function depends upon take 
non-trivial values and (ii) the two-loop hexagon Wilson loop w^\e) is as simple as possible. 
The simplest variant of such a limit is the quasi-multi-Regge limit (QMRK) of a pair along 
the ladder [29, 30]. In those kinematics, the outgoing gluons are strongly ordered in rapidity, 
except for a central pair of gluons along the ladder, while their transverse momenta are 
all of the same size. In the physical region, defining 1 and 2 as the incoming gluons, with 
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momenta p2 = (P2^/2, 0, 0,p^ /2) and pi = (p^ /2, 0, 0, —p^ /2), and 3, 4, 5, 6 as the outgoing 
gluons, the ordering can be chosen as 

y3 » y4 ^ ys » ye; \P3±\ - \P4±\ - \P5±\ - \P6±\ , (2-20) 

where the particle momentum p is parametrised in terms of the rapidity y and the azimuthal 
angle (f), p = {\p±\ coshy, \p±\ cos ^, \p±\sm(l), \p±\smh.y). We shall work in the Euclidean 
region, where the Wilson loop is real. There the Mandelstam invariants are taken as all 
negative, and in the QMRK of a pair along the ladder they are ordered as follows, 

-si2 » -S34, -S56, -S345, -S123 » -S23, -S45, -sei, -S234 • (2-21) 
Introducing a parameter A ^ 1, the hierarchy above is equivalent to the rescaling 

{S34,S56,S123,'S345} = C'(A) , {S23, S45, Sqi, S234} = 0{X^) . (2.22) 

It is easy to see that in this limit the three cross ratios (2.12) do not take trivial limiting 
values [28], 

_^ ^QMRK ^ £45 ^ ^^^^ 

U2 yQ^^^ = \P3±\'^PtP6 ^ Q^-^-^ 

^ ^ {\P3±+P4±\'^ +ptP4){pt +Pt)P6 ' 

«3 - = _ J'-ff^ = 0(1, . 

^3^4 +P5 ){\P3± +P4±r +P5P4 ) 

Taking this limit on Eq. (2.19), its right-hand side simplifies. However, the Regge 
exactness of the Wilson loop allows us to take, one after the other, not only this limit 
but also the five limits obtained from the first one by cyclic permutations of the external 
momenta pi, . . . ,pq [17]. For example, the second limit in this series is, 

{S45,S61,S234,S123} = C'(A) , {S34, S56, ^12, S345} = O(A^) . (2.24) 

While taking these consecutive limits, we keep in each case the leading power asymptotics 
(including all the logarithms), a step which is fully automatized by the code MBasymptotics 
[44]. We also apply the code barnesroutines [45] whenever possible to perform integra- 
tions that can be done by corollaries of Barnes lemmas. 

Finally, wc arrive at a set of multiple MB integrals of a much simpler type than the 
original ones. After applying our procedure, all integrals are at most threefold and all 
of them are explicitly dependent on the cross ratios only^. We checked numerically that 
the sum of the MB integrals in the QMRK equals the sum of all the original parametric 
integrals, the latter being evaluated numerically using FIESTA [46, 47]. In particular, 
for the diagram fH{pi,P3,P5',P4,P6,P2), the eightfold integral of Eq. (2.18) reduces to a 



*Note that the coefficients of the integrals do not only depend on the cross ratios, but on logarithms 
of Mandelstam invariants as well. This is to be expected since the contribution to w^^ depends on such 
quantities. 
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combination of one threefold integral, 51 twofold integrals and 22 onefold integrals and 
a term without any integration left. Note that, after taking the six consecutive limits 
described above, this diagram is the only one that involves a threefold integral, all other 
contributions to Eq. (2.13) involving at most twofold integrals. The threefold contribution 
to fH{pi,P3,P5;P4,P6,P2) reads. 



(2.25) 



1 r'°° r'"^ dzi dz2 dz3 , , , . ,2 zs 

X r {-zif r {-Z2f r (-^3)' r (zi + Z2) r {z2 + ^3) r (^3 + ^i) , 

where the contours are straight vertical lines such that, 

Reizi) = ~, Re(^2) = -J, Re(z3) = -^. (2.26) 

The explicit evaluation of this integral is reviewed in the next section, whereas the full 
analytic expression for the remainder function is given in App. H and is also available in 
electronic form at www . arXiv . org. 

3. Evaluation of the hard diagram 

In this section we review the computation of the MB integrals we derived in the pre- 
vious section. Apart from the threefold integral contributing to fHipi,P3,P5',PA,P6,P2), 
Eq. (2.25), all the integrals are at most twofold and can be computed by closing the in- 
tegration contours at infinity and summing up residues using the standard techniques. 
Therefore, in this paper we only concentrate on the case of the hard diagram and present 
in detail the analytic computation of the integral in Eq. (2.25). 
We rewrite Eq. (2.25) in the form, 

~ {F{ui,U2,U3) + F{u2,U3,Ui) + F{U3,UI,U2)) , (3.1) 
o 

where we define, 

»+joo p+ioD f+ioo 



F(UI U2 U3) = [ [ [ ^^^Z3 U'' 

^' ^' ^ J-ioo J-ioo J-ioo 27rz 27ri 27rz ^ ^ 



(3.2) 



X r {-zif r {-Z2f r (-^a)" r {zi + Z2 + 1) r {zi + zs) r {z2 + 23) 



Note that this function is symmetric in its first two arguments, 

F{ui,U2,U3) = F{U2,UI,U3) , (3.3) 

so that the expression in Eq. (3.1) is totally symmetric in the three cross ratios. We 
start with the change of variable Z3 = + 1. This also shifts the corresponding contour, 
Re(2;3) = —1/5 — )• Re{z'^) = —6/5. Shifting the contour back to Re(2;3) = —1/5, we arrive 
at the expression, 

F{ui,U2,U3) = F{ui,U2,U3) + i?_i(ui, U2, ^3) + («! , ^2 , "s) + ^-1-Z2 ) ""2, ^s) , 

(3.4) 



-10- 



\2 



\2 



(3.6) 



where the threefold integral F is given by 

^ ^ J-ioo 7-^00 J-^o. 27ri 2m 27ri 1 + Z3 ' ' ^ (3.5) 

X r (-zi)' r {-Z2f r (-^3)' r {zi + Z2 + 1) r (zi + ^3 + 1) r (^2 + ^3 + 1) , 

and we made the relabelling z'^ — t- Z3. The integration contours are given by Eq. (2.26). 
The functions Rj{ui,U2,U3) arise from taking the residues of the poles in z'^ = j that we 
crossed when shifting the contour from Re{z'^) = —6/5 to Re{z'^) = —1/5, 

/ T^7r^< ^2 r {-zif V (zi) r {-Z2f r (^2) 

X r (zi + 22 + 1) , 

/+ioo n+ioo Ay Ay 1 
/ ^ < < % - r {-zif r (zi + 1) 

-ioo J-ioo 27rz 2m zi 

X r (-22)^ r {z2 - zi) r {zi + Z2 + 1) , 

/ ^ ^ < % - r {-Z2f r (Z2 + 1) 

-ioo J-ioo 27rz 2m Z2 

X r (-zi)^ r {zi - Z2) r (zi + 2:2 + 1) . 

Note that we have the relation, 

R-l-Z2{ui,U2,U3) = R-l-zi{u2,Ul,U3) , (3.7) 

where we assumed that the contours on both sides are chosen according to Eq. (2.26). The 
computation of F{ui,U2,U3) is detailed in this section, whereas the computation of the 
residues Rj{ui,U2,U3) is discussed in App. C. We start by writing F{ui,U2,us) as the 
integral of the derivative, 

F{u-i,U2,U3) = F{ui,U2,0) + J du — F{ui,U2,u). (3.8) 

The value for U3 = can be easily obtained by expanding around small values of U3 using 
MBasymptotics. We find, 

F{ui,U2,0) =0. (3.9) 

Next, we follow the procedure used in Ref. [5] and we replace the MB integrations over zi, 
Z2 and Z3 by Euler integrations using the formula (see, e.g., Ref. [41]), 

r+ioo 



r 

/ — r(-zi) r(c - zi) T{b + zi) r(c + zi) x'^ 

J-ioo 27rz 



r(a) r(6 + c) r dv v^-^ (1 - vf+^-^ (1 - (1 - X)v)-'' . 
Jo 



(3.10) 



This leaves us with a fourfold Euler integral, 



l-l pi pi pU3 

F{ui,U2,U3) = / dvi / di;2 / dvs / du {I - {1 - ui) vi)''^ 
Jo Jo Jo Jo 



(3.11) 
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Some comments are in order: Firstly, Eq. (3.10) is only valid if the contour separates 
the poles in r(. . . — Zi) from the poles in r(. . . + Zi). It is easy to observe that our 
contours, Eq. (2.26), fulfill this requirement. Secondly, we tacitly exchanged the order 
of the integrations in deriving Eq. (3.11). We checked numerically that this operation is 
allowed in the present case. 

The integrals over u and ^3 in Eq. (3.11) can be done very easily, resulting in the 
following twofold integral, 

^(^1,^2,^3) = - / dvi / dV2Vi^V2^ ( ^ - Li2 (1 - ■UlV2«3) ) 

Jo Jo \ t» / (3.12) 

X {-U2V2 + Vi {Ui{v2 - 1) + {U2 - 1)V2 + 1) + ^2 - 1)~ . 

The remaining twofold integral can be computed in terms of Goncharov multiple polylog- 
arithms [48, 49], defined recursively by, 

df / z\ 

G(a,w]z)= G(w;t), G(a; z) = In (1 --] . (3.13) 

Jo t-a \ - ' 



a 



If all indices are zero we define 

G{6n;z) = r^G{6n-i;t) = - In^ z. (3.14) 
Jit n. 

In particular cases the Goncharov polylogarithms can be expressed in terms of ordinary 
logarithms and polylogarithms, e.g., 

GiSn, z) = ^ In" (1 - ^) , G{6n-i,a; z) = -Li„ (^) . (3.15) 

We define the weight of the function G{w] z) as the number of elements in the vector w. 
The Goncharov polylogarithms form a shufHe algebra, i.e., a product of two G functions 
of weight wi and W2 can be expressed as a linear combination of functions of weight 

W = W\+ W2, 

G{wi;z)G{w2;z) = G{w;z), (3.16) 

'W=Wl'S'W2 

where wi denotes all the mergings of the vectors wi and W2, i.e., all possible concate- 
nations of wi and W2 in which relative orderings of wi and W2 are preserved. Furthermore, 
if the rightmost element of the weight vector w is non zero, the polylogarithms are invariant 
under a rescaling of the arguments, 

G{kw;kz) = G{w;z). (3.17) 

A more detailed review of Goncharov polylogarithms and of their properties and special 
values is presented in App. B, E, F and G. 
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Using the definitions we just introduced, we can rewrite the numerator of the integrand 
in the form, 



TT 



— Li2 (1 — viV2Us) = G{1, 0; viV2Us) 

= G{h V1V2U3) G{0; V1V2U3) - G(0, 1; V1V2U3) 
1 



G 



-;v2 



V1U3 

G{0;vi) + G{0;u3) 



G{0-vi) + G{0;v2) + G{0-U3) 



GO, 



V1U3 



-;v2 



(3.18) 



G 



1 



V1U3 



■,V2]+G 



VIU3 



-,0;v2 



After partial fractioning the integrand in V2, we arrive at, 

^(1x1,^2,^3) = — / dvi / dv2 ('"I'^i ~ ^1 + l)""*^ 
Jo Jo 



G{0;vi) + G{0;u3] 

UlVl — 



V2 



\v1u3 

Vl + 1 



■,V2]+G 

1 



VIU3 



-,0;v2 



(3.19) 



UlVl + U2V1 — U2 — Vl + 1 



V. 



-1 



We see that the integral over V2 can be reduced to a sum of four terms, each of them 
consisting of a Goncharov polylogarithm divided by a linear function of V2- This form 
matches precisely the recursive definition (3.13) of the poly logarithms, and we can easily 
perform the integral in V2 in terms of those special functions, e.g., 



1 



-,0;u2 



G 



i 



V1U3 

UlVl 



V2 — 



UlVl — Vl + 1 



UlVl + U2V1 — U2 — Vl + 1 
Vl + 1 1 



-1 



\UlVl + U2V1 — U2 — Vl + 1 V1U3 



,0;1 



(3.20) 



All other terms in Eq. (3.19) can be integrated in the same way. 

We now turn to the remaining integral in vi. From Eq. (3.20) it is clear that the 
integration in V2 has produced an integrand which depends on Goncharov polylogarithms 
whose weight vectors are rather complicated functions of vi. In order to perform the 
integration over vi in the same way as we did for V2, we need all polylogarithms to be of 
the form G{w; vi), where w is independent of vi. In App. B we describe an algorithm that 
allows us to rewrite all the terms in the required form, e.g., 



G 



UlVl — Vl + 1 



UlVl + U2V1 — n2 — + 1 ' V1U3 



,0;1 



(3.21) 



G{l,0;u2)G[u[tl,vi) + -Tr-'G[u[l>-,vi)+G{0-,U2)G[0 



1 



,(+)., 



U2-I 



U1+U2- I 



G(0;«2)G(0,uy;i;i) -G(0;«2)G(0,^xS+;];t;i) + ^0(^23 (tt^ - 6G (1, 0; ^2)) + 



G 



U2 



1 



1*1+^^2-1 



vi] G(l,0;tX2) 



TT 



G{0;u2)G 



U2 



1 



1 



Ul + U2 — 1 1 — Ml 



Vl + 
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G (0; U2) G { \ , \ ; z;!) + G (0; us) G U^, 

( + G (0; .2) G (.w ' -i) - 

^■,v^ - 2G f 0, 0, —-v^ - G f 0, 1, -; 



G(0;u2)G 

G{0-U2)gU^,^ 



V ^^•^ Itl + M2 - 1 / V ^^3 / V J 

G U 1; .i) - G f 0, -i) - « (O' ' 1; -0 + 

\ UI+U2-1 J \ UI+U2-1 l-Ul J V ^^•^ y 

G(o,t^y,^^^;t;i^ +G(^0,ny,-^;7;i^ - G (o, 1; + 

G(o,nS+],^-i^;T;i) + G (o, z.^- ^i) " ^ (l, 0, ^; - 

/ «2-l . \ / ^2-1 1 1 V 

G — -,- +G — -,- ,- ]vi + 

\Wl + 77,2 — 1 1 — U-l / \ til + 17,2 " 1 1 — ttl 1 — til / 

\Ui+U2-l U1+U2-I J \Ui+U2-l Ui+U2~l l-Ui J 

G , 0, i-; .1) + G , 1; .1) - G («y , ^'i) - 

V ^^■^ til + n2 - 1 / V ^ UI+U2-1 l-Ul J \ U3 J 

G to' 1' ^0 - ^ to' ^0 - ^ to' ?"\ ' 1; ^0 + 

_ / U9 — 1 1 \ 



/ + U2-1 1 \ 

G u\2i, — -,- ■,vi , 

\ UI+U2-1 l-Ul J 

where we defined 



1 - 11,1 - III.- + "/ ± V ("j + "A- - III - 1)^ - 1 (1 ^ ",/) (1 - III.) ui ^3 
"j*^' " 2(l-nj)tx/ ■ 

A comment is in order about the square roots in Eq. (3.22): It turns out that the square 
roots become complex for certain values of the cross ratios inside the unit cube, but they 
always come in pairs such that the sum of the two contributions is real. To emphasize this 
property, we introduce the following notation, 

g{...,Uijk,...;z) =G(...,Kg,...;z) +G(...,«y,...;z) . (3.23) 

Note that this definition follows the same spirit as the definition of Clausen's function, 
defined as the real or imaginary parts of the ordinary polylogarithms, 

n - / ^ + Lin(e-*')] , n odd, 

" I h i^^nie^') - Lin(e-'^)] , n even. ^^"'^^ 

All the integrations can now be done very easily using Eq. (3.13), and we find, 

F{ui,U2,m)= (3.25) 
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G (0; U2) G (0; u^) G f 0, — — ; 1 



\ ' Ml + 1(2 - 1 ' 



G(l,0;n2)Gfo,^^^: 
V U1+U2-I 



1 + 



TT^G 0, 



^2 — 1 



1 



G(l,0;u2)G 



ttl + M2 - 1 ' 

1 «2 - 1 



G(0;n2)G(0;n3)G 



^2 — 1 



1 — Ml ' Itl + «2 — 1 ' 



6 



1 — til ' Ml + M2 — 1 
1 M2-I 



1 — Ml ' Ml + ^2 — 1 



G (0; M3) G f 0, 1, -; 1) + G (0; M2) G f 0, ^ ^ ,0; l") + 

V lis / V Ml + M2 - 1 / 



G(0;m3)g(0, 



n2 - 1 



V Ml + M2 - 1 

G(0;M3)Gfo ""'"^ 



1;1 +G(0;m2)G 0, 



U2 — 1 



1 



G(0;m3)G 
G(0;m3)G 
G(0;m3)G 
G(0;m2)G 



;1 -G(0;m2)G 0, 

?il + M2 - 1 1 - Ml / 

^ 1,— ;iVg(0;m2)G 



Ml + M2 - 1 1 — Ml / 

M2 — 1 M2 — 1 



1 — Ui 7;,3 

1 U2 - 1 



1 



Ml + M2 - 1 Ml + M2 — 1 ' 
M2 - 1 



;i + 



-,0;1 - 



, ^ ^,1;1 -G(0;m2)G 

1 - Ml Ml + M2 - 1 / 

1 U2-1 1 

1 — Ml ' Ml + M2 — 1 ' 1 — Ml ' 

1 M2 ^ 1 "2 ^ 1 



1 — Ml ' ?ii + M2 — 1 

1 U2 - 1 



1 



1 — Ml ' Ml + M2 — 1 ' Ml + M2 — 1 



1 — Ml ' Ml + M2 — 1 ' 1 — Ml ' 



1 



;i + 



;1 -G 0,1,— ,0;1 + 



G 



,0,1;1 -G O 



M2 - 1 
U1+U2 - I' 

M2-1 1 



M2 - 1 



.0, 



1 



Ul + U2 — 1 1 — Ml 
M2- 1 1 



M3 



;i + 



GO, 



Ul + U2 — 1' 1 ~ Ul 



1;1 -G 0, 



Ml + M2 — 1 1 — Ml 

M2 - 1 1 



0;l + 



1 



G(0, 
G 
G 
G 
G 
G 



M2 — 1 



M2 - 1 



Ml + M2 - 1 ' Ml + M2 - 1 ' 

^ 1,— ,0;l)-G 
U3 J 

M2 — 1 



1;1 +G 0, 



Ml + M2 — 1 ' 1 — Ml ' 1 — Ml 
M2 - 1 M2 - 1 



1 - 



Ml + M2 — 1 ' Ml + M2 — 1 ' 1 — Ml 



1 + 



1 


- Ul 




1 


1 


- Ml 




1 


1 


- Ul 




1 


1 






1 


1 


- Ul 



1 



M2 - 1 



-,o, 



Ml + M2 — 1 1 — Ml 

M2-I 1 



1 — Ml Ml + M2 — 1 

;1)-G- ^ 



,0,l;lj + 

M2 — 1 



Ul + U2 — 1^ 1 — Ul 
M2-I 1 



,0;1 -G 



1 — Ml ' Ml + M2 — 1 

1 M2 - 1 1 



Ml + M2 — 1 ' 1 — Ml ' 1 — Ml 

M2 - 1 M2 - 1 1 



1,0;1 ) + 

1 — Ml Ml + M2 — 1 1 — Ml / 

1 M2 - 1 U2-I 



1 — Ml ' Ml + M2 — 1 ' Ml + M2 — 1 



; 1 - G (0; M2) G (0; M3) G (0, M123; 1) + 



1 — Ml Ml + M2 — 1 Ml + M2 — 1 1 — Ml 

G (1, 0; M2) g (0, M123; 1) - Itt^G (0, M123; 1) + G (0; M2) G (0; M3) G 

D 



1 



1 — Ml 



,iii23; 1 



G(l,0;M2)a 



1 A 1 2^ 

,'"123; 1 + -TT y 

1 — Ml / 6 



1 — Ml 



,ui23;l] -G(0;M2)a(0,Mi23,0;l)- 



G (0; M3) g (0, M123, 1; 1) - G (0; M2) g (o, M123, ^3^; 1) +G (0; M3) ^ (^0, M123, 3-^; l) + 



G(0;M2)g 0,M123 



"1' ^ +G(0;M3)a(o,Mi23,-;i) + 

U1+U2-I J V lia / 
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G (0; U2) Q (^Y^' "123, 0; 1^ + G (0; m) Q ^3^^ "i23, 1; l) + 
G{0;u2)Q (-^ — ,ui23,T~ — -G(0;u3)g ( — ,ui23,—^ — ;1 

\ 1 — Ml 1 — Ml / \ 1 — Ml 1 — 77,1 

G (0; M2) g f-^, M123, """"^ ■, l]-G (0; M3) Q f-^, M123, -; 1 

VI -Ml M1 + M2-I / Vl~^l '"3 

g (0, M123, 0, l;l)+g (0, M123, 0, 1) - e (0, M123, 1, 0; 1) + 

g (0,M123,-^,0;1 ) -g (0,M123,-^,1;1 ) +a (0,Mi23,-^,-^;l ) + 
\ 1 — Ml / \ 1 — Ml / \ 1 — Ml 1 — Ml 

g ( 0, M123, — — — T' 1; 1 ) ( 0, «i23, — — — -T' ^r— — ; 1 ] + 



Ul + U2 — 1 ) \ Ul + -^2 — 1 1 — lil 

afo,Mi23,— ,0;l) +gf-^,Mi23,0,l;l') -af-^,ui23,0,-^;l) + 

V M3 / Vl-""! / \\-Ux l-Mi/ 

Q ( ,'(^123, 1, 0; 1 ) - g\ , M123, , 0; 1 I + ^ I , M123, , 1; 1 ) - 

\1 — Ml / \1 — Ml 1 — Ml / \1 — Ml 1 — Ml / 

^ ,^^123, , ; 1 " ^ ,«123, \ 7, 1; 1 + 

\ 1 - Ml 1 - Ml 1 - Ml / \ 1 - Ml Ml + M2 - 1 / 

( 1 " 2 - i 1 \ r.( ^ 1 \ 

g --, ,^^123, ; T, ; 1 - ^ ,^^123, — , 0; 1 . 

\ 1 — Ml Ml + M2 — 1 1 — Ml / \ 1 — Ml M3 / 

Note that all the terms in this expression are of uniform transcendental weight four, as 
expected. Then F(mi,M2,M3) in Eq. (3.4) is obtained by combining Eq. (3.25) with the 
residues i?j(Mi, M2, M3) computed in App. C. 



4. Asymptotic values of the remainder function 

In this section wc study the asymptotic behaviour of the remainder function in various 
limits. For the sake of simplicity, we exclusively studied strongly ordered limits, i.e., 
limits where any ratio of conformal cross ratios is either small or large. Note that since 
the remainder function is completely symmetric in its arguments, it is enough to study 
the strongly ordered limits for a specific ordering, all other orderings being obtained by 
symmetry. The technique described in this section to compute the asymptotic behaviour 
in the various limits can easily be extended to non-strongly ordered limits. In the next 
section we briefly comment on such limits when all cross ratios are equal. 

We start with the limit where all cross ratios are small, mi <C M2 <C M3 <C 1. We can 
easily obtain the leading contribution by using MBasymptotics. We find, 

f2) 

= — (In Ml In M2 +lnM2lnM3 + lnM3lnMi) + — — + ©(m^) . 
24 1440 

In exactly the same way, we can find the asymptotic behaviour when some of the cross 
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ratios axe equal to unity and all the others are small, 



jim R''^Jy^{ui,U2, 1) = , 

1 TT^ ^^-^^ 

i™i 1' 1) = Inui - ^ + Oiui) . 

Note that the limit tii <C tt2 ^ Ij with = 1, corresponds to the multi-Regge limit (D.3). 

We now repeat the previous analysis in the limit where the cross ratios are large, 
ui ^ U2 ^ U3 ^ 1. Using again MBasymptotics to extract the leading behaviour, we find. 



U1>U2>W3>1 ' 

1 , 4 Ul 5 9, 9 Ml 1 . , Ul 1577r^ , , 

In^ — TT^ In^ — C3 In — \-0{l/ui). 

96 U2U3 48 U2US 2 U2U3 1440 

Similarly, for the case were some of the cross ratios are equal to unity, we find. 



(4.3) 



T 0(2) / 1 1 4 ^1 1 2i 2 ^1 37r'^ 

lim K).{.^r(ui,U2,l) = ——in. — TT in — 

«i>«2>i ^'^^^ ' 96 U2 12 U2 40 



(4.4) 



;™ 1. 1) = «i - 3^^' «i + ^C3 Inui - ^ + 0(l/ni) . 



"1 



5. The remainder function for all cross ratios equal 

In this section we discuss the form of the remainder function in the special case when all 
the cross ratios are equal, ui = U2 = = u. In Ref. [17] several special values were 
presented for this case. Wc start by briefly reviewing how these values were obtained and 
present some additional special values. At the end of this section we give the analytic form 
of R^q}^^{u,u,u) for arbitrary u. 

In the special case where u = \, which corresponds to a regular hexagon [26, 33], most 
of the integrations are easily done using Barnes lemmas and their corollaries, leaving us 
with at most onefold integrals. Note that some of these integrals involve T functions with 
poles in half integer values which lead to multiple binomial sums [50, 51], but all these 
contributions cancel out when combining all the pieces. Applying this strategy to our 
integrals, we immediately find the value quoted in Ref. [17], 

4!ivL(l' 1' 1) = ^ -2.70581... . (5.1) 

Note that this value agrees with the value conjectured in Ref. [24]. The asymptotic be- 
haviour of i?g {yi^{u, u, u) for u — can be obtained in a similar way using MBasymptotics, 
which leaves us with at most trivial onefold integrals. The result is 

R^^jvLi^, ^, «) = ^ In^ ^ + 1^ + 0{u) . (5.2) 
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Finally, the asymptotic value for large u is obtained in exactly the same way. We can 
perform a rescaling u — >■ u and expand around small values of A using MBasymptotics. 
We find 

4 

lim 4'vyi(n, n, u) = + 0{l/u) ~ -0.67645... , (5.3) 

n— >oo ' 144 

in very good agreement with the numerical value quoted in Ref. [24]. 

For u = 1/2, the denominator in Eq. (3.12) drastically simplifies. Repeating the 
derivation of Sec. 3, we obtain, 

„(2) A 1 1\ 105, , 5,4 5 2, 2 15, /1\ 177r^ 

<.U[^.-r-2) =-64-61n2--ln«2 + -.^ln^2--m(-j+_ ^^^^ 

2± -1.26609... . 

Let us now turn to the generic case where all three cross ratios are equal but they still 
take generic values. In this limit it is easy to see that Eqs. (3.22) and (C.16) reduce to 

(±) . (±) ^ =*= VI - 4n (±) 1 

We can massage the resulting expression and apply the reduction algorithm of App. B to 
simplify the expression as much as possible. In particular, we can remove all the dependence 
on As regards we observe that similar arguments have already been found in 

the strong coupling case [33]^. Note that for u = 1/4 the square roots in Eq. (5.5) vanish. 
This value corresponds to a regular hexagon in a space with a (2,2) signature [33]. Using 
the relations of App. E and F, we find, 

i^il. ( -) = 3Li2 ( I] In^ 2 - ?Li2 ( I] In^ 3 - ^Li. (l Un2 



6,WL I 4' 4' 4 



543^ / 1\, 567, /1\, „ 567, / 1\ , 1323,, „ 
+ —Lis -- ln2 + —Lis - ln3 - — Lig -- ln3 + — — C3ln2 



.2; 16 

945 , , „ 39, 4 „ 257, 4 „ 173, „, o 189, o, „ 543, 2„, o,, 
+ ^Cs ln3 - — In^ 2 - — In^ 3 + — ln31n^ 2 + — In^ 31n2 - — In^ 31n2 2 
32 32 64 8 8 16 

63 2, 2 181 2, 2 189, /1\ 1701 /1\ 543, / 1 
- — TT^ In^ 2 - — TT^ In^ 3 + — Li4 - + — ^Li4 - - — Li4 



16 64 2 \2J 8 \SJ W \ 3 

555,. / 1\ 9,. /1\^ 567^ / 1\ 567^ / 1\ 21237r'^ 

+ — — Ll4 -- - -Ll2 - - —7^2,2 -TT :-'^2,2 



2 \ 2J 2 \3J 16 ' \ 3J 4 ' \ 2J 2880 
~ 1.08917... . 

(5.6) 

Finally, let us turn to the expression for generic values of u. Using the notation 
introduced in Eq. (3.23) as well as the corresponding one for harmonic polylogarithms, 

n{w; 1/fi) = H (w; l//x(+)) + H (w; l//x(-)) , (5.7) 



'We are grateful to Paul Heslop for pointing out that 



= l + ii, = 1 + — 

X g jJLX £ 



where /x and are defined in Ref. [33]. 
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the final answer for the remainder function reads, when all three cross ratios are equal, 

fl<^j(»,»,»)= (5.8) 
\''° {ih-^l'')- '° (». !•»• ? -) - (o. 1. i 0; . 

T^- - »■ 

2 \1 — Ml — « 1 — 1( / 4 \1 — u 2u — 1 ) 

-G , ,0, ; 1 \ + -G[ , ,1,0; 1 - 

4 \l-u2u-l' y 4 \l-u2u-l' ' ' / 

3^/ 1 ^^-1 1 3^/ 1 u-l 1 ^ \ 

-G , , ,0: 1 + -G , , , 1:1 - 

4 \l-u2u-Vl-u ' y 4 Vl-^i 2it-l' 1-m' ' y 

3 / 1 M- I ]_ \ _ 3 / 1 1 1 \ 

4 1,1-u'2«-1'1-m'1-u'7 4 1,1-m'2«-1'2m-1' '7 ^ 

(o, ^Al)+\0 (O, -L-. 1; l) - (O.M, l) - 

3^/ I \ 3^/ n-l \ 3^/ -u-l 1 
_e (^0, -, 0; 1 j - (O. — , 1; 1 j + j5 (O, — , — ; 1 

Ig ^, 0, 1; l) + \g (^.,.,0, l) - |e (^. 1. 0; 1 1 + 

3^/1 1 \3^/l 1 \3^/l 



-^Q[- ,11,- ,0;1 --g ,1;1 +-g ,- ;1 + 

4 Vl — M 1 — ti / 4 V 1 — ti 1 — ti / 4 Vl — n 1 — « 1 — M 



1 




u 




1 




1 




u 




1 




1 




u 




1 





'i„ 1 1 \ 3„/ 1 u-l \ 3„ / 1 11 -1 1 

Hi^- i^- - !; (r^- i^' - 

-^g (^0, i; l) //(O; - (^0, ^, 1^ i?(0; u) - (^3^, M, 0; l) H{0- u) - 

\q f 1; ^(0; ^) + \q f i) ^(O; ^) + 

4\i — ti ) 4\i — 77, ) 

|e f— l) iJ(0,0;i.)- jir2ff(0,0;») + 3ff(0,0;M)7f(0,l;(2«))+ i,r2ff(0,l;(2»)) + 

^i.(o, o; (o, i; ^) - i.^^ (o, 1; ^) + (,^, i) ^(1, o; .) - 
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^7r2i?(l, 0; u) + ^7r2^(l, 1; u) - 6H{0; u)H{0, 0, 1; {2u)) - 3H{0; u)H ^0, 0, 1; - 
3 2 1^3 

-F(o; u)H h , 0, 1; j - 2^(0' + 9^(0' 0' 1; (2^^)) + 

(^0, 0, 0, 1; + ^iJ(0, 0, 1, 0; u) - ^iJ(0, 1, 0, 0; u) + (^0, 1, 0, 1; + 

^H{{), 1, 1, 0; - -^H (^0, 1, 1, 1; + 3// (^1, 0, 0, 1; + ^^(1, 0, 1, 0; u) - 

3/7(1, 1, 0, 0; u) + -^H [l, 1, 0, 1; + ^//(l, 1, 1, 0; u) - \'i^''H{Q- u)n (l; ^ 

3 „ , . 1\ 3 „ , /„ . 1\ 1 2^. - 1 



-//(0, 0; n)^ [0, 1; -J - -i7(l, 0; u)n (0, 1; -J + -n'n [0, 1; -J + 

1\ 3 1\ 3 1 



3H{0; u)H [0, 0, 1; - J + -H{0; u)n [0, 1, 1; - J + -//(O; «)H (^1, 0, 1; ^ 

(o, 0, 0, 1; i) - In (o, 0,1,1,^)- (o, 1, 0, 1; i) - '-Ti (l, 0, 0, 1; i ) + 
3/7(0; u)C3 + ?^ f 1; -1 C3 + ^^""^ 



2 V >/ 1440 
6. Conclusion 

In this paper, we have given details on the first analytic calculation of the remainder func- 
tion of the two-loop six-edged Wilson loop in the Euclidean space in arbitrary kinematics, 
which we recently performed [17]. By displaying in detail how the most difficult of the inte- 
grals is computed, we have shown nonetheless how the whole calculation is greatly simplified 
by exploiting the Regge exactness of the six-edged Wilson loop in the quasi-multi-Regge 
kinematics of a pair along the ladder. 

The remainder function is given as a combination of Goncharov polylogarithms of 
uniform transcendental weight four. The expression we have obtained is very lengthy. 
At present, we do not know whether, and if so to what extent, this expression can be 
further simplified by using some other kinematic limit that leaves the conformal cross 
ratios unchanged. Such a setup is for example found in backward scattering. Let us 
consider the physical region in which two gluons undergo a backward scattering. In a 
2—7-2 scattering process, backward scattering may be obtained from forward scattering by 
crossing the t and u channels. In a 2 — ;> 4 scattering process, we may choose the kinematics 
in which 1 and 2 are the incoming gluons, with momenta p2 = (p^/2, 0, 0,p^/2) and 
pi = {pi/2, 0, 0, —p^/2), and 3, 4, 5, 6 are the outgoing gluons, with ordering 

yz^yi-yb^ y&; \pzA - \Pii] - \PbA - \p&A ■ 

We may term this the backward quasi-multi-Regge kinematics of a pair along the ladder. In 
the Euclidean region, where the Mandelstam invariants are all negative, the ordering (6.1) 
entails that 

-Sl2, -S23, -Sqi, -S234 > -S34, -^56, -•S345, -Sl23 > -^45 • (6.2) 
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Introducing a parameter A 3> 1, the hierarchy above is equivalent to the rescahng 

{S34,S56,S123,S345} = C'(A) , {si2, S23, Sei, S234} = ^(A^) , (6.3) 

whereas S45 is 0(1). Note that this scaling is equivalent to the scaling of the Mandclstam 
invariants in the limit where three of the points of the Wilson loop are at infinity, as 
considered in Ref. [33]. It is easy to see that in the limit (6.2) with the rescaling (6.3) 
the cross ratios (2.12) do not take trivial limiting values, and thus the six-edged Wilson 
loop is Regge exact in the backward QMRK of a pair along the ladder. We could hence 
repeat our computation in this limit with the hope that the ensuing analytic expression be 
simpler. Even though wc have not performed the full evaluation of the remainder function 
in this limit, we have examined the diagram fH{pi,P3,P5',P4:,P6,P2) in Eq. (2.13) in the six 
limits obtained from Eq. (6.2). We observe that, just like in Sec. 2.2, the most complicated 
hard diagram reduces to a combination of one threefold integral, plus twofold and onefold 
integrals. Since this kinematic limit leads to the same threefold integral as the standard 
Regge limit, the result will be expressed in terms of the same functions and thus we expect 
it to be of similar complexity. 

Even though the analytic form of the remainder function is very lengthy, the expression 
greatly simplifies when considering various limits. In Sec. 4 we considered the remainder 
function in various strongly-ordered limits, and we presented in each case the leading term 
in the limit where the conformal cross ratios are either large or small. In Sec. 5 we also 
considered the remainder function where all three conformal ratios take equal values, and 
computed explicitly the value of RqI^^{u,u,u) for u = 1/4,1/2,1 as well as the leading 
behaviour in the limit of large and small values of u. 

The techniques described throughout the paper are generic, and not restricted to the 
case of a hexagon Wilson loop. In principle they can be applied to the computation of 
a polygon with an arbitrary number of edges, but in that case the set-up is complicated 
by the fact that the number of cross ratios grows with the number of edges, giving rise 
to multiple polylogarithms depending a priori on all those cross ratios. However, these 
techniques could be useful in the computation of special classes of regular polygons where 
the cross ratios take special values [26, 33, 52]. This is currently under investigation. 
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A. Nested hcirmonic sums 

The nested harmonic sums are defined by [53], 

S,{n) = Z,{n) = H(}) = j2li, 

'==^ (A.l) 

fc=i fc=i 
The S and Z sums form an algebra. Let us illustrate this on a simple example, 

5.(n)5,(n) = E E 7^ 

ki = l fe2 = l 12 

= Sij{n) + Sji{n) - Si+j{n). 

A similar result can be obtained for the Z sums^^, 

Zi{n)Zj{n) = Zij{n) + Zji{n) + Zi+j{n). (A.3) 

For sums of higher weight, a recursive application of the above procedure leads then to 
the reduction of any product of 5 or Z sums to a linear combination of those sums. 
Furthermore, >S' and Z sums can be interchanged, e.g., 



k=i ^ k=i ^ i=\ ^ k=\^ \ ^ e=i 

k=l k=l 



(A.4) 



For n — >■ DO, the Euler-Zagier sums converge to multiple zeta values, 

lim (n) = C(mA:, . . . ,mi). (A. 5) 

n—¥oo 

In Ref. [54] generalisations of the S and Z sums were introduced to make them depen- 
dent on some variables, 

n h. 
X 



Si{n;x) = Zi{n;x) = E 



k=l 

n u 
X 



Sij{n;xi,...,xe) = E i^S^k;x2,...,Xn), (A.6) 



k 

k=l 
n p. 

Zij{n;xi,...,xe) = E -j^ ^Jik-hX2,■■■,Xn)■ 
k=l 



""Note the sign difTerence with respect to Eq. (A. 2). 
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Those sums naturally share all the properties of the corresponding number sums introduced 
in the previous paragraph , e.g., they also form an algebra and the S and Z sums can be 
interchanged. In Ref. [54] several algorithms were derived that allow one to express certain 
classes of nested sums as linear combinations of S and/or Z sums, and those algorithms 
are implemented in the FORM code XSummer [55]. Furthermore, for n ^ oo, the Z sums 
converge to Goncharov multiple poly logarithms, 

lim Zmi...mk{''^',Xi, . . . ,Xk) = L'l mj; ,...,mi 

(A.7) 

n— >oo 

which are reviewed in the next section. 



B. Goncharov multiple poly logarithms 

B.l Definition 

Let us define [48, 49] 

= (B.l) 

and iterated integrations by 

r dt /•* 

/ rt{wi) O . . . O ^{Wn) = / / ^{W2)0 ...oQ,{Wn). (B.2) 

Jo Jo t- wi Jo 

Goncharov multiple polylogarithms can be defined by the iterated integration, 

G{wi, . . . ,Wn;z) = / n{wi) O . . . O n(Wn) , (B.3) 
JQ 

and in the special case where all the Wi^s are zero, we define, 

G{On;z) = -ln^z. (B.4) 
n! 

The vector w = {wi,...,Wn) is called the weight vector of the polylogarithm and the 
number of elements in the weight vector is called the weight w of the polylogarithm. 
Iterated integrals form a shuffle algebra, and hence we can immediately write, 

G{wi;z)G{w2;z) = ^ G{w;z). ^g^^ 

W=Wl itlW2 

Note that all terms in this equation have the same weight Wi + W2 The algebra properties 
of the Goncharov polylogarithms imply that not all the G functions are independent, but 
there must be (polynomial) relations among them. In particular, we can choose a basis 
where the rightmost index of all the weight vectors is non zero (apart from objects of the 
form G(6n;z)), e.g., 

G{a, 0, 0; z) = G(0, 0; z) G{a; z) ~ G(0, 0, a; z) - ^(0, a, 0; z) 

= G(0, 0; z) G{a; z) - G(0, 0, a; z) - (G(0, a; z) G(0: z) - 2G(0, 0, a; z)) (B.6) 
= G(0, 0; z) G{a; z) + G(0, 0, a; z) - G(0, a; z) G(0; z) . 
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If the rightmost index of a G function is non zero, then the function is invariant under a 
rescahng of all its arguments, 



G{kw-kz) = G{w-z). (B.7) 
From the definition (B.3) it is easy to see that, 

lim Giw- z) = Q. (B.8) 
Goncharov multiple polylogarithms can also be represented as multiple nested sums, 

^hnh,—,m\{Xk,...,Xi)= mi ' ' ' mj. = ^mi,...,mk (^i Xi, . . . , Xfe) . (B.9) 

ni=l ^ n2=l ^i/c=l 

Since the Li functions are the values at infinity of the Z sums introduced in the previous 
section, they share all the algebra properties of the Z sums. The G and Li functions define 
in fact the same class of function and are related by, 

Um„...,mAxk, ■ ■ ■ , xi) = (-1)'= G I 0, . . . , 0, — , . . . , 0, . . . , 0, ; 1 I . (B.IO) 

^ V ' Xl ^ ' Xl . . .Xk 

mi — 1 rrik—l 

B.2 Special values 

In some cases it is possible to express Goncharov multiple polylogarithms in terms of other 
functions, e.g., 



(B.lll 



G(0„; z) = -^ In" z, G(a„; z) = In" (l - - 
n! n! V ay 

G{6n-i,a;z) = -Lin (-) , G{6n,ap;z) = {-If Sn,p (-) , 

and in the special case where the elements of the weight vector only take values in the 
set { — 1,0,+!}, Goncharov polylogarithms can be expressed in terms of the harmonic 
polylogarithms introduced by Remiddi and Vermaseren [56], 

G{w; z) = {-if H{w; z) , (B.12) 

where k is the number of elements in w equal to (+1). 

Furthermore, up to weight two, Goncharov polylogarithms can be completely expressed 
in terms of ordinary logarithms and dilogarithms. In particular, if a and h are non zero, 
we find, 

G(aM .) = Li. (^) - Li. (^) + in (l - |) ,n . (B.13) 

More special values of Goncharov multiple polylogarithms are presented in App. F and G. 
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B. 3 Reduction of poly logarithms of the form G{w{z); 1) 

In this section we present the algorithm used to express a polylogarithm of the form 
G{w{z); 1), where w is a rational function of z, as a linear combination of polylogarithms 
of the form G(w';z), where w' is independent of z. This algorithm is a generalisation of 
the corresponding algorithms described in Refs. [5, 57, 58]. We start by writing G{w{z); 1) 
as the integral of the derivative, 

G{w{zy, 1) = G{w{zoy, 1) + G{wity^ 1) , (B.14) 

where Zq is arbitrary (provided that G{w{zo); 1) exists). We now carry out the derivative 
on the integral representation of G{w{z); 1), 

G{w{zy,i) = G{w{zoy,i)+ dtV/ n{wi{ty)o...o-n{wi{t))o...on{w^{ty), (b.is) 

Jzo ~l Jo Ot 

with 

The integrals over the ti variables are easily performed using partial fractioning and inte- 
gration by parts. At the end of this procedure, we are left with an integral over t whose 
integrand is a linear combination (with rational coefficients) of Goncharov polylogarithms 
of the form G{w\{t) \ 1), with w\ = w — \. At this point we know recursively how to express 
these functions in terms of polylogarithms of the form G{w'i;t) where w[ is independent of 
t. The last integration is now done using partial fractioning and integration by parts, and 
since the upper integration limit is z, we end up with polylogarithms of the form G{w'; z). 

C. Evaluation of the additional residues of F{ux,U2^u^) 
C.l Evaluation of i?_i(ui, 1^25 ^3) 

In this appendix we give the details on the computations of the additional residues defined in 
Eq. (3.6). For convenience let us start by introducing the definition that lZj{ui^U2iU^\ zi, Z2) 
is the integrand of Rj{ui,U2,U3), i.e., we define, 

Rj{ui,U2,U3) = / ——'R-jiui,U2,U3;Zi,Z2). (C.l) 

J —ioo J —too ^'""^ ■^'^^ 

We now turn to the evaluation of R-i{ui,U2,U3). We close the contours to the right, 
and take residues in Zi = rii, rii E N. We obtain, 

R-i{ui,U2,U3) = -ReSzi=o^eSz2=oT^-i{ui,U2,U3;zi,Z2) 

00 

- ^ (Res2i=„Res22=o "^-1(^*1,^*2,^*3; 2=1, 2=2) + '^eSzi=o'^eSz2=n'^-iiui,U2,U3; zi, Z2j^ 

n=l 

cx:' oc 

- ^ ^ Reszi=ni Res22=„2 7^_l(nl, n2, U3; z\,Z2) ■ 

ni=l n2=l 

(C.2) 
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The first line in Eq. (C.2) is trivial, 



-Res2i=o Res22=o Tl-i{ui,U2, ua; -zi, ^2) = 

(3 In ui + (s\nu2 — ^ In^ U2 In^ ui — -^tt^ In^ ui — -^tt^ In^ U2 — -^tt^ In U2 In ui — ^^J^ 
4 6 6 6 120 

(C.3) 

The single sum in the second line can be expressed in terms of S-sums and the sum can 
be performed using the algorithms A and B of Refs. [54, 55]^^, 



- ^ (Rcs^i =„ Rcs^2 =o'R-iiui,U2,U3;zi,Z2)+ Res^i =0 Res^2=n Tl-i(ui,U2,U3; zi, 

n=l 

V n2 ^ ^ ^ 



n=l 



■u" InMiS'i^i(n) ^2 111 ^25*1,1(71) S2{n)ui S2{n)u2 S'i(n)n"lnM2 

5i(n)nflnui tt^u^ tt^u^ u1ln'^U2 u'^ln'^ ui _ TT^Siinyu'l _ 2S3{n)u'l 

V? 3n^ 3n^ 2n^ 2n^ 6n n 

7r^5i (n)it^ 25'3(n)u^ S'i(n)n5* In-ui lnn2 S'2(n)'uy Inui S'2(n)u5* lnu2 

6n n n n n 

S'i(ra)'U2 111 ^1 111^2 <S'2(n)u2 In^i 52(71)^2 In U2 Ca'^i C3'"2 

n n n n n 

u\ In ui In^ U2 U2 In^ ui In U2 tt^u" In txi tt^u" In U2 t^^U2 ""i 

2n 2n 3n 6n 6n 

7r^ti2 In M2\ 
3rz J 



(C.4) 



= CsH (1; ui) + CsH (1; ^2) - ^tt^H (0; U2) (1; ui) - ^tt'^H (0; ui) H (1; ^2) 

- ^TT^ii- (0, 1; m) - Jvr^if (0, 1; U2) - H (0, 0; U2) H (1, 0; m) - In^H (1, 0; m) 
6 6 3 

- H (0, 0;ui)H (1, 0; ^^2) - ^n^H (1, 0; ^2) - ^n^H (1, 1; ixi) - ^vr^if (1, 1; 7x2) 

- H (0; U2) H (0, 1, 0; ui) - (0; m) /i" (0, 1, 0; U2) - H (0; U2) H (1, 1, 0; «i) 

- (0; «i) (1, 1, 0; «2) - (0, 1, 1, 0; ui) - i7 (0, 1, 1, 0; U2) - (1, 1, 1, 0; ui) 
-if(l,l,l,0;u2) , 

where iif (i/;; x) denote the standard harmonic polylogarithms of Remiddi and Vermaseren [56] . 

'^^Note that we used a private implementation of these algorithms in Mathematica. 
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The double sum in the third line is rewritten as a nested sum by letting n = ni + n2, 

oo oo 

n-i{ui,U2,U3;Zi,Z2) 

ni=l n2=l 

°° """^ /lnui<iur"' lnui<i<-"i lnui<i«^-^i Inui lnn2<^ur"' 



n=l ni=l 



nij \ n^ni n^{ni—n) n(ni — n)^ nni 



^ lnmlnu2<^^2~"' ln^2<^^r"' lim2^r«2~"' ln^2^r^r"' 

n{ni — n) rfini n^(ni — n) nn\ 

lnmgi(nX^ur"^ ^ lnm5i(nX^^^-"i lnu2>gi(nX^^-"i 

nni n(ni — n) nni 

lnn2gi(nX^U2~"' 25i(n)<%^-"^ 25i(n)<^4-"i 5i(nKin« 



n(ni — n) ' n^ni n2(ni — n) ^^^^ 



nn 



+ 



gi(nX^u^~"^ lnm5i(n - mX^^^""! Inm5i(n - mX^^^""! 

n(ni — n)^ nni n(ni — n) 

5i(n)5i(n-niXi-»^~"^ _ gi(n)gi(n - niX^u^~"^ _ gi(n - niX^n^""! 

nni n(ni — n) n^ni 

5i(n-ni)7if n^-''^ gi(n - mX^n^-''^ ^ ln^2.gi(niX^nr"' 

n2(ni — n) nnf nni 

lnn25i(niX^ur"' , >gi(n)gi(niXu^-"^ giH^iKX^n^""^ 
nni — n nni n{ni — n) 

5i(n-ni)gi(niX^ur"' , .Siln - ni)5i(niX^ur"' 5i(niX%^~"^ 
nni n(ni — n) n^ni 

^ gi(niX^u^-"^ 5i(niX^^^-"^ ^ 252(nXur"' 252(nX^^^~"^ 
n^(ni— n) n(ni — n)^ nni n(ni — n) 

2^1,1 (nX^^r^^i ^ 2^1,1 (nX^^r"^ 2<i4-"i ^ 2<i^r"i n^^ii^'^i 
nni n(ni — n) n^ni n^(ni — n) n^nf 

jii n—ni _2 Til n—ni _2 "-i n— ni 



n2(ni — n)2 6nni 6n(ni — n) j 

(C.5) 

All the sums in this expression can be performed using the algorithms C and D of Refs. [54]. 
With the help of XSunmer [55] we find, 



00 00 



- XI XI I^es^l=n^Res22=„2 7^_l(ul,U2,U3;2;l,2;2) = (C.6) 

ni=l n2=l 

InnilnnaCf — , ^ ; 1 ) - ^tt^G ( — , : ;l) - ^vr^G ( — , 



2G 0,0, 



' Ul' Ul + U2 

AG (0,0,^^,- 

\ U1+U2 U2 

2Gfo,-,0, ^ 



Ul U1+U2 J 6 \Ul U1+U2 J 6 \U2 Ul-\-U2 

^ ^ l)-2Gfo,0,— , 1 ;l)+4Gfo,0, ] ,—;!) + 

/ V U2 U1+U2 J V ttl + U2 -Ul 

1) - 8G f 0, 0, ] , i ; 1) + 2G f 0, — , 0, — ; 1 

/ V "1 + Ul + U2 J \ Ul U2 

Ul U1+U2 J V ^1 U1+U2 Ul I \ Ul Ul +U2 U2 J 
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2G fo,— ,0,— ;l) - 2G fo,— ,0, ^- ; -cfo,— , ^ ,— ;1 

g(o,—,^^,—-i) +2G fo,^^,0,— ;l) + 2G fo,^^,0,— ;1 

\ U2 U1 + U2 U2 J \ U1+U2 Ui J V ^1 + ^2 U2 

4G f 0, 1] + 2G (-, 0, 0, -; + AG (-, 0, 0, -; 1 

\ U1+U2 U1+U2 U1+U2 J \Ul U\ ) \U\ U2 

2g(—,0,0,^^;i] -g(—,0,^^,—-i] - G f — , 0, — ; 1 

\Ul U1+U2 ) \U\ ltl+«2 U\ ) \U\ U2 

g{—,^—,^,—-\\ -Gf-,^^,0,-;l') +4Gf-,0,0,-;l') + 

\U\ Ui^U2 Ui J \Ul U1 + U2 U2 ) \U2 U\ ) 

2G'f— ,0,0,— ;!) -2Gf— ,0,0,^^;!) -cf— ,0,^^,— ;1 

\U2 U2 J \U2 U1+U2 J \U2 U1+U2 Ui 

\U2 U1+U2 U2 J \U2 U1 + U2 Ui J \U2 U1+U2 U2 J 

^TT^H (0, l;ui) + ^7T^H (0, 1; U2)-^tt^H (0, l;ui + U2) + ^tt^H (1, 1;ui) + ^tt^H (1, l;u2) + 
12H (0, 0, 0, l;ui) + 12H (0, 0, 0, 1; W2) - 12H (0, 0, 0, 1; m + U2) - 2H (0, 0, 1, 1; wi) - 
2H (0, 0, 1, 1; U2) + 8i7 (0, 0, 1, 1; m +U2)-H (0, 1, 1,1- m) - H (0, 1, 1, 1; U2) - 
AH (0, 1, 1, 1; ui +U2)-H (1, 0, 1, 1; ui) - H (1, 0, 1, 1; U2) - H (1, 1, 0, 1; - 

i?(l,l,0,l;u2) + Gfo,— , i Intxi + cfo,— , ^ ; Inui - 

2G (0, , — ; 1 ) Inui + 2G (0, ^- , ^- ; 1 ) Inui + 

\ U1+U2 Ul J \ U1+U2 U1+U2 J 

1 „ 1 A , "( 1 1 A , / 1 „ 1 



G[ — ,0, ;1 Inui + G — , ,— ;1 lntxi-2G — , 0, — ; 1 Intxi + 

Viil U1+U2 J \Ul U1+U2 Ul J \U2 Ul J 

G ( — ,0, i ;1 ) Inui +Gf — , ^- ,— :1 ) Inm - 4iJ (0, 0, 1; Inui - 

\U2 U1+U2 J \U2 U1+U2 Ul' J 

AH {0,0,l;u2)lnui+ AH (0,0, l;ui + U2)lnui+ H {0, 1, l;ni)lnni - H {0, 1, l;n2)lnni - 
2H (0, 1,1; Ml +U2)lnui - H {l,0,l;ui)lnui - H {1,0, l;u2)lnni +ii'(l,l, l;ni)lnui + 

G (0, — , ] ; 1) lnn2 + G (o, — , ] ; l) ln«2 - 2G (o, ] , — ; l) lnu2 + 

\ Ul U1 + U2 J \ U2 U1+U2 J \ U1+U2 U2 J 

2G ( 0, ^- , i ;1 ) ln«2-2G( — ,0,— ;1 ) Inn2 + G( — ,0, ^- ; 1 ) lntX2 + 

\ U1+U2 U1+U2 J \Ul U2 J \Ul U1+U2 J 

g(— , ] ;l) Inu2 + G(— ,0, ] ;1 ) ln«2 + 

\Ui U1 + U2 U2 J V ^2 U1+U2 J 

g{ — , i , —■,l]\nu2- AH (0, 0, l-ui) Inus - AH (0, 0, 1;«2) Inus + 

\U2 Ui+ U2 U2 J 

AH (0,0,l;ni +n2)lnu2 - (0, 1, 1; m) ln'U2 + -H" (0, 1, 1; n2) ln'U2 - 

2H (0,l,l;iti +M2)lnu2 - (1, 0, 1; ui) ln'U2 - -H" (1, 0, 1; 1*2) ln'U2 + -H" (1, 1, 1; -"2) lnu2 - 

G I — , ; 1 I Intxi lnu2 + 2H (0, 1; ui) Inui lnu2 + 2H (0, 1; ^2) Inui lnu2 — 

\U2 U1+U2 J 

2H (0, 1; Ul + U2) Intxi \nu2 + H (1, 1; ui) \a.ui \a.U2 + H (1, 1; U2) In-ui lii'U2 . 
C.2 Evaluation of R-i-z^{ui,U2,u^) 

We now turn to the evaluation of the residue, ^2, M3), in Z3 = — 1 — zi by 

exchanging the MB integrations with the Euler integration, Eq. (3.10). Changing the 
integration variables from Z2 to —Z2 and shifting the integration contours, we arrive at the 
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following representation for (ui, U2, U3), 



+l/5+.ood^ (C.7) 

— Res^i=o 7^_i_^i (Ml, M2, W3; zi, 22) , 

+l/5-ioo ^T""^ 



where we defined, 



(C. 



X r (-Z1 - 1) r i-zi) r (zi - ^2 + 1) r (-^2)' r (^2)' r (zi + ^2 + 1), 
X r {-zi - 1) r (-zi) r (zi - ^2 + 1) r (-^2)' r (^2)' r (zi + ^2 + 1) • 



In each case, the integration contours are straight lines and their position is explicitly 
indicated for each integral. The residue appearing in Eq. (C.7) arises from shifting the 
integration contours^^ and is given by the onefold integral. 



+l/5+ioo^^^ 

ReS^l=o7^_l_2l {ui,U2,U3;Zi,Z2) 



+l/5-ioo 27ri 



+l/5+.oo^^ „^3^.. ^3 (CO) 

27ri 



/ ^ ^2 U^'- r {-Z2f V {Z2) 

J +1/5— ioo 



X {Z2 InU2 + 27£;2;2 + Z21I) {-Z2) + ^2V' (^2) - 1) , 



where il^{z) = ^lnr(z) denotes the digamma function and 7^ is the Euler-Mascheroni 
constant, 7^ = — V'(l)- Closing the integration contour to the right and summing up 



^^Note that there are in principle two more non-zero residues coming from crossing the poles in z\ = —zi 
and Z2 = —zi, but it turns out that these two contributions cancel mutually. 
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residues in Z2 = n2 we obtain, 



r+l/5+ioo 

/ 7r^'R-es2i=oT^-i-zi{ui,U2,U3;zi,Z2) 

J+l/5-ioo ^TTZ 

= - 1 ln3 u,H usH f 1; V ^ In^ mH ( 0, 1; 

6 \ uij 2 V ^1/ 

+ In^ uiH (^1, 1; -^^ + ^ In In^ wii/ ^1; + 1 In In^ uii? (^1; 



Ul 



— - In^ \nuiH ( 1; — 



2 V «iy 2 

+ 



1 In^ nail (o,l;-^)+ln^ naif 
^Innsln^uaii'fl;-— V^TT^lnniiJ- fl;-— ^ - In u^H ( 0,0,1; -—) 

2 V 2 V my V "1/ 

+ 21n'uii7 ( 0,1,1;-— ] +21nniii' ( 1,0,1;-— ) +lnw2lnuiif ( 0,1;-— ) 
V uij \ UlJ \ UlJ 

+ Intxalnuiii" (o, 1; - 21nn3 In mil (l, 1; 

-lnu2lnu3lnuiH ( 1;-— ) + l-7r^lnu2H ( 1;-— ) +lnu2-ff ( 0,0,1;-— ) 
\ Ul J 2 \ UlJ \ UlJ 

+ ^TT^ InusH (l; + Inu^H (o,0, 1; -2\nu3H (o, 1, 1; 

2 \ UlJ \ UlJ V «i/ 

-2\nu3H fl,0,l;-^) -InuslnugiJ (o,l;-^] - 2C3H ( 1; -'^) 

\ UlJ \ UlJ \ UlJ 

+ 2H (0,0,1,1;- — ^ +2H fo, 1,0,1;- — ^ +2H fl, 0,0,1;- — ^ 

V UlJ \ UlJ \ UlJ 



(C.IO) 



Let us now turn to the computation of R^^l_^^{ui,U2,us). We apply Eq. (3.10) and 
we obtain, 

pW i ^ r^^^-^'°° dz2 ^ ~(i) . ^ 

R-i-zi\'^i,U2,U3) = / 7r^t<'eSzj_=-in\{_^^{ui,U2,U3;zi,Z2) 

J-l/5-ioo ^TT^ 
fl f-l/5+ioo J 

+ dv 7r^U2zl u-{^^ u^i (1 - vY^-^ v-'^ (1 - (1 - «2 

7o 7-1/5-joo 27rz 



\— 2:0 — 1 



1/5— icx) 
XV{-Z2fV{z2f . 

(C.ll) 

We tacitly exchanged again the MB and Euler integrations, having checked numericahy 
that this operation is allowed. The residue in Eq. (C.ll) comes from the fact that in 
Eq. (3.10) the contour must be such that it separates the poles in r(. . . + z) from the poles 
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in r(. . . — z). The computation of the residue is trivial, 



/- 



— Res2,=_i 7^1{_ [ui,U2,U3; zi,Z2) 

l/5-ioo ^TTZ 



4 In^ f 0, 1; - ]- In^ u^H (o, 1; -^"j - 2\nmH (o, 0, 1; 



(C.12) 



+ lnn3lnuiiJ (0,1;-— ) +2lnu3H (0,0,1;-— ) - ^tt^H ( 0,1;- — 
V ■"!/ V ui J 2 \ Ui 

- 3H (0,0,0,1;- — 
The MB integration in the second term is also trivial and yields 

f\ ^2 f ( {V- 1)U3 \ 

7o ''2{1-V){1-{1-U2)V)\ '^\VU,{1-V{1-U2))J 

+ Li2 ( ~ ) (21n(l - (1 - U2) v) + 2\nui-2\nu3- 21n(l -v) + 2\nv) 

\VUl {1-V(1- U2))J 

- (In^ (1 - (1 - U2) f ) - 2 In ui ln(l - v) - 2 ln(l - v) In (1 - (1 - U2) t;) + 2 In U3 ln(l - v) 
+2 In Ml In i; + 2 In win (1 — (1 — U2) v) + 21n7ii In (1 — (1 — U2) v) — 21nM3 In?; 
— 21nM3 In (1 — (1 — U2) v) + In^ ui + In^ U3 — 2 Inui Inu^ + ln^(l — v) + In^ v 

-21n?;ln(l-?;) + 7r2)ln(^l- ^3(t' - 1) 



UlV (1 — (1 — U2) v) 



(C.13) 



The remaining integration over v can be done in a similar algorithmic way as for ^(^1,^2,^3), 
so we will be brief on its derivation. We start by expressing the polylogarithms appearing 
in the integrand of Eq. (C.13) in terms of Goncharov multiple polylogarithms. 

Using the algorithm of App. B, we can express the Goncharov polylogarithms in the right- 
hand side of Eq. (C.13) as a linear combination of Goncharov polylogarithms of the form 
G{. ..;?;), e.g., 

— Inui In^ U2 + lnu3 In^ 1^2 — G* I 0, ; 1 ] lnu2 — G [ , 0; 1 I lnM2 — 

\ I-U2 J \l-u2 J 

G ( , 1; 1 ) Inn2-G ( , ; 1 ) lnu2+^(0, ■U213; 1) Inu2+^('U213, 1; l)ln'U2 + 

\l-U2 J \1 - U2 I - U2 ) 

Q ( ,""213; 1 I Inu2+G(0;t;) Inui In 1^2 -^(1; v) \a.u\ lnM2+G I \v j Inui lnu2— 

VI - ""2 ) \\-U2 ) 

G(0; v) In U3 lnu2 + G(l; v) lnu3 In 1*2 — G ; v ) lnu3 ln'U2 + -ti"^ lnn2 7r^G(0; v) + 

\\-U2 I 6 6 
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ln^G{l;v)-l7r^G(-^;v) + G{0-v)G ( 0, - Gil;v)G ( 0, -^■,1) + 



6 6 ^1 — ^2/ \ 1 ~ U2 J \1 — ^2 

G f G f 1; + G(0; 7;)G (-^, 1 

G(l; f l) + ( ^) ^ fr^' " ^(0' 0' 0; ^) + 

\l-u2 I-U2 J \l-u2 J \l-u2 I-U2 J 

gU,Q,—^-i] -gUq,-^;v^ +G{^,1,Q-v) + gU,1,—^-v\ + 

gU,—^,q-i] -gU—^,Q;v\ +gU—^,1]1] + 

gU-^,-^;1\-gU-^,-^-v\ +G(l,0,0;^;)+Gfl,0,-^;^;) - 

\ I-U2 I-U2 J \ I-U2 l~U2 J V 1 - W2 

G(l,l,0;i;)-Gfl,l,-^;t;') + G f 1, 0; t;") + G f 1, t;) + 

1 1 



G ,0,0;1 -G\- ,0,0;t; +G ,0,1;1 +G\- ,0,- ;1 - 

\l — U2 J \l - U2 J \1 — U2 J \1 — U2 I — U2 J 

g(—^,0,—^;v) +g(—^,1,0;v) + G f-^, 1, 1; l) + 

\l-U2 I-U2 J \l-U2 ) \^-U2 J 

g(-^,1,-^-v\ +g(-^,-^,Q;i\ -g(-^,-^,Q;v\ + 

\l- U2 I - U2 J \l-U2 I-U2 J \l-U2 I - U2 J 

\l- U2 I - U2 J \l - U2 I - 112 - U2 J \l - U2 I - U2 I - U2 J 

G(0; v)g{Q, V213 ; 1) + G(1; v)g{0, V213 ; 1) -G ( ^3^' ""^is; 1) -G(0; v)g{v2i3, 1; 1) + 
G(l; v)giv2n, 1; 1) - G (-^■,v] g{v2i3, 1; 1) - G(0; v)g (—^,V2n; l] + 

\l - U2 J \^ — U2 J 

G(l; v)g (^^-i— , ^;2i3; l^-G (3-^; ^) Q ^213; 1) - a(0, 0, V213; 1) + 

^(0,0,^213;^^) - ^(0, 1,^213; - ^(0,^213, 1; 1) - ^ (0, — ,^213; 1 ) + 

g I 0, ,V213\V I - g{l,Q,V213\v) + g{l, 1,V213]V) -g [l, ,V213]V 

\ 1-U2 J \ 1-U2 

^(^^2i3,i,i;i) -g (^Y~^'^'^2i3;i^ +g ^Y~^'^'^2i3;^^^ -g (^ ^ ^ ^^ A,v2\3\v^ - 

,u2i3,i;i ) -g [t— — ^T— — 5^^213;! ) +g [t— — ^T— — '^^213;^^ 



1 — U2 J \ \ — U2 i- — U2 J \ \ — U2 i- — U2 

1 \ . „ / 1 



G(0, 0; In m + G(0, 1; In m + G 0, :1 Inm - G 0, Inui + 

VI - ^2 / VI - ^2/ 

G(l, 0; v) In m - G(l, 1; v) In + G ( 1, — ^- — ; v] In wi + G ( — , 0; 1 ) Inui - 

VI - n2/ VI - '"2 / 

g{—^,^]v] \nui + G{—^,l;v] lnui + G( ) In^^i- 
VI - ^^2 / VI - "2 / \l-u2 I-U2 J 
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G \—^, T-^'^A l"^"! + 0; v) lntX3 - G(0, l-v)hiuz-G (0, 1 ) Inug + 

G ( 0, ) ln«3 - 0; v) In 713 + G(l, 1; 7;) In 7x3 - G ( 1, v] lnu3 - 

VI - M2/ VI - ""2/ 

g(—^,Q] l] \nu^ + G(—^,^]v\ \nu^-G(—^,l-v\ Inug- 

Vl-«2 / Vl-^2 / Vl-^'2 / 

G ( , ; 1 I ln?X3 + G ( , \v] lnM3 , 

VI — -^2 1 — ""2 / VI — ■"2I — 1*2 / 



where we introduced the quantity, 



Uk-Ul± ^^ -4:UjUkUl + 2UkUl+u\+' 

"'''^ " 2{l-uj)uk 



■ uf 

v\tJ = ' " ■ (C.16) 



Finally, the integration over v is done using the recursive definition of Goncharov polylog- 
arithms, Eq. (3.13), and the result reads, 

1g f-^; 1) In^ m + l-G (-^,0; l) In^ ui + \g (-^, 1; l) In^ ui+ (C.17) 
2Vl-'"2/ 2Vl-'"2 / 2V1~^2 / 

Ig (y^^ ^"^^ ^1 - ^^(^213, 1; 1) In' ui - \g (—^,v2i^; l] \v? ui + 

2 \l - U2 I - U2 J 2 2 \l-u2 J 

G ( ; 1 I ln?X2 In^ ui G ( ; 1 I In 1x3 In^ ui tt' In^ ui + 

VI - «2/ 2Vl-^2/ 12 



f 1 


VI 


— U2 


(r 


1 




- U2 




1 



V 1 — 'U2 y \ L - U2 J \L ~ U2 J 

Gf-^,0,-^;l) lnui + Gf-^,1,0; l) Inui - 2G f-^, 1, 1; l) Inui + 

VI - U2 1-^2/ VI - ■"2 / VI - ■"2 / 

2G f-^, 1, 1) Inui + G f-^, r^'O; l^^i + 

V 1 - M2 1 - M2 / V 1 ^ ^'2 1 - ''^2 / 

2G f-^, 1; 1) Inui + G f-^, l) Inui - 

VI - tt2 1-1*2 / Vl-^2l-'"2l-'U2 / 

Q ( 0,^213, ; 1 ) ln?*i - ^ ( 0, ,^213; 1 ) In til - ^(f2i3,0, 1; l)ln'Ui - 

V 1-'U2/ VI - ^2 / 

g(i;2i3, 1, 0; 1) In m + 2g(i;2i3, 1, 1; 1) In ui - 2g [v2\z. 1, j^^; l) l^txi - 

2Q ( V213, -7-^ — , 1; 1 ) In til - Q ( — ,0,i;2i3; 1 ) In til - Q ( — )1'213,0; 1 ) In til - 

V l-tl2/ VI - ■"2 / VI - ""2 / 

2Q ( ,t;2i3, ; 1 ) In til - 2g ( , ,^213; 1 ) Intii - 

Vl-tt2 l-tt2/ Vl"^2l-ti2 / 

G ( , 0; 1 I lntt3 Intii — G ( , 1; 1 ) lnti3 Intii — 

Vl-tt2 / VI - ""2 / 

G ( , ; 1 ) lnti3lntii + ^(^213, 1; l)lntX3lntii + 

V 1 - tX2 1 - ti2 / 

Q ( ,■"213; 1 I lntt3lntii - 2G ( ; 1 ) lnu2 lnti3lntii + -vr^ lntt3lntii - 

Vl-ti2 ) \l-u2 J 6 

C3 In til - \g f-^; 1) ln=^ ti3 + \g f-^, 0; l) In^ n3 + \g f-^, 1; l) In' t.3 + 
2 VI - ^2/ 2Vl-^2 J 2 \l-u2 J 
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7;G(z-^ — — ;l) ln^n3- ^^(u2i3,l;l)ln^'U3- ( -r— — >^^2i3;l) ln^ii3 + 
2 \1 — U2 I — U2 J 2 2\1 — U2 / 

G I — 3^ — ;1 ) Innaln^^is - — vr^ln^n^ + -vr^G f — — ,0;1 ) + -vr^G ( — - — ,1:1 
1 Z",^—, i") + G f 0, 0, 1, l) + G f 0, 0, 1; l) - 



+ 




2G 
G 



+ g(-^,i,o,0;A -2g(-^,i,o,1;i] + 

VI - n2 J \1-U2 J 

_ ,^—,1,1,0; l)+3Gf-^, 1,1,1; l)- 

VI - «2 l-^i2/ Vl~'"2 / Vl~'"2 / 

3g(-^,1,1,-^;i) +Gf-^,l,-^,0;l') - 3G f-^, 1, 1; l) + 

VI - M2 1-^2/ Vl~^2 I -U2 J \1 — U2 1 — U2 J 

g(-^A,-^,-^-,i]-g(-^,-^,q,q-i] - 

VI - ■U2 1-^2 1-U2 / \l- U2 I - U2 J 

3G 
2G 

V J- — "2 J- — "2 J- ~ "2 / \L — U2 i- — U2 i- — U2 J 

3G f-^, l") - \t^'^Q{v2x^. 1; 1) - Jvr^g Z",^—, 1,2135 + 

1-M2l-'W2 1-^*2 l-«2/ 2 2 Vl~^2 / 

, 0, i;2l3, 1 ) + ^ ( 0' 0' ^213; 1 j + ^ ( 0' ^213, 1, -T^: 1 j + 

l-'"2/ V 1-1*2 / V 1-1*2/ 

,«2i3,^^,l;l) +a (0,-^,0,i;2i3;l) +g (0,-^,?;2i3,l;l ) + 

1-U2 y VI - ""2 y VI - ""2 y 

a (0, rp^, 1^213, :r^; ^ ) + 2^ ( 0' ^213; 1 ) - ^(^^213, 0, 0, 1; 1) - 

VI — n2 1 — U2 J \ 1 — U2 1 — U2 y 

a(i;2i3, 0, 1, 0; 1) + 2a(i;2i3, 0, 1, 1; 1) - ^ (^2iz, 0, 1, l) - ^ (^1^213, 0, 1; l) - 

g{v2ii, 1, 0, 0; 1) + 2g(i;2i3, 1, 0, - G (^21^.^ 1, 0, 1^ + 2g{v2ii, 1, 1, 0; 1) - 

3g(i;2i3, 1, 1, 1; 1) + 3g (^2iz, 1, 1, 3-^; 1) - a (^^^213, 1, 3-^, 0; l) + 



^1-^2 1-U21-U2 y VI - "2 1-1*2 y 

VI - 1*2 1-1*2 y VI - 1*2 1-1*2 1-1*2 y 

VI - 1*2 1-1*2 y VI - ""2 1-1*2 1-1*2 y 

vi-i*2 1-1*2 1-1*2 y vi~'"2 1 — 1*2 1-1*2 y 
fr^' r^' r^' r^' " ^^'^(^213, i; i) - \^'q L 

Vl-1*2 1-1*2 1-1*2 1-1*2 y 2 2 VI 



G fo 



-34- 



3^ (^213, 1, -T^ , 1; 1 ) -0 (v213, 1, ' T~ 5 1 ) - ^ ( ^213, zr^ , 0, 1; 1 

V i--U2 ) V \-U2 \-U2 ) \ \-U2 J 

Q ( ^^213, , 1, 0; 1 I + 1^213, , 1, 1; 1 ) - Q\ V2Vi, r. , 1, :; ; 1 

V 1-^2 / V 1-1*2 / V i--U2 I — U2 

Q f ^213, T-^^ 1; + ^ fr^' O' O' ^213; i") + ^ fr^' ^213, i; + 

\ l — U2i- — U2 J \l- U2 ) \\-U2 ) 

Q f 0' ^213, 1) + 2^ fr^' 0' ^213; 1 V a f rp^, ^^213, 0, o; 1 ) + 

Q f-^, 1^213, 0, 1; 1 V g f-^, 1^213, 0, 1) + g f-^, t;2i3, 1, 0; l) + 

VI - 1*2 / VI - ■"2 \-U2 ) \\-U2 J 

2^ (-^, 1^213, 1, -T^; 1 j - a ( ^213, rr^' 0; 1 ) + 

Vl-tt2 \ — U2) \\-U2 1 — U2 J 

20 (—^,V213, 1; 1 ) - a (-^, 1^213, j^—; 1 ) + 

V 1 - U2 1 - n2 / V 1 ~ ''^2 1 - U2 I -U2 J 

2^ (-^,--^,0,v2i3;l) +2g(-^,-^,v2i3,l;l) + 

V 1 - M2 1 - 1^2 / V 1 ~ '"2 1 - 1*2 / 
1 1 1 \ ^ / 1 1 1 



Q , ,1^213, ; 1 + 3^ , , , f213; 1 + 

VI-U2I-U2 1-1*2 / Vl~^2 1-1*2 1-1*2 / 

H (0,0, 0, 1, 1 - ^2) - l^^G ( 1 ) lnu2 + 2G ( 0, j^—; 1 ) ln«2 + 

6 Vl~'"2/ Vl-'^'2l — 1*2/ 

2G (—^, 0, 1) lnt.2 + G (-^, 1, l) In 1*2 + 

VI - 1*2 1-1*2 / Vl~'"2 1-1*2 / 

2G f-^, 0; 1) ln«2 + 2G (y^, 1; l) lnn2 + 

VI - 1*2 1-1*2 / Vl~'"2 1 — 1*2 / 

3G ( , , ; 1 ) lnu2 - Q I 0,?;213, ; 1 I lnu2 - 

Vl-1*2 1-1*2 1-1*2 / V 1-1*2 / 

G ( 0, ,U213; 1 ) In 1*2 - G ( 1'213, 1, ; 1 ) In 1*2 - G I 1^213, :; , 1; 1 I In 1*2 - 

VI - 1*2 / V 1-1*2/ V 1-1*2/ 

G ( ,0,^213; 1 J ln'U2-^ ( :; ,1^213, 1; 1 J ln'U2-^ ( :; ,1'213, ; 1 ) ln'U2- 

VI - 1*2 / VI - ""2 / VI - ■"2 1-112/ 

2G ( , ,1^213; l]lnu2 - G { ; 1 ) In^it2lnii3 - -vr^G ( ; 1 ) In^a - 

VI — 1*2 1-1*2 / Vl~'"2/ 3 Vl~'"2/ 

G( 0,1,-^;1 ) ln^X3-G{ 0,-^,l;l ) Intxg - G ( 0, 0; 1 ) Inug - 

V 1-1*2/ VI - «2 / VI - ^*2 / 

G f -^,0, 1 ) Intis - G ( 1, 0; 1 ) Inns + 2G (y^, 1, 1; 1 ) Inug - 

VI - 1*2 1-1*2/ VI - ^2 / VI - ■"2 / 

2G (—^, 1, 1) lnt^3 - G (—^, 0; l) Inug - 

VI - 1*2 1-1*2 / VI - ^"2 1-1*2 / 

2G (y^, 1; 1) ln^X3 - G (-^, l] Inu^ + 

VI — 1*2 1 — 1*2 / Vl-'"2 1 — 1*2 1 — 1*2 / 

G ( 0,^213, ; 1 ) Inu3+G i 0, ,i'2i3; 1 ) In 1*3 + ^(1^213, 0, 1; l)ln'U3 + 

V 1-1*2/ VI - ^^2 / 

^(1^213, 1,0; l)lnu3 - 2^(i;2i3, 1, 1; 1) In 1*3 + 2G I 1^213, 1, ; 1 ) In 1*3 + 

V 1 — 1*2 / 

2^? (i'2i3,:i ,1;1 ) lnu3 + g? I ,0,'(;2i3;l I In 1*3 + ^ ( , 1^213, 0;l) ln'U3 + 

V 1-1*2/ VI - "2 / VI - "2 / 
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26? (rr-^ — ,V2i3, r—^ — ; 1^ ln«3 + 2^ ( — , — ,^213; Inua + lnn3C3 - 

\l-U2 I-U2 J \l - U2 I - U2 J 90 



We now turn to the evaluation of R_i_^^ {ui,U2-, u^)- The computation fohows the same 
hues as for i?^]_2^('Ui, ^2, us), with a shght comphcation coming from the denominator in 

~ /OA 

the integrand. To get rid of the denominator, we rewrite R_i_^^{u\,U2-iU'i) as the integral 
of the derivative with respect to U2-, 



iP\_,^{u^,U2,U3) = 1,«3) + du |- i?L'J_.i(«l>«>«3) • (C.18) 



Let us start with the first term in Eq. (C.18). The value for 7/2 = 1 is easily obtained by 
applying Barnes lemmas, by means of which one of the two integrations can be performed. 
This leaves us with a onefold integral trivial to compute. 



/•+l/5+«oo J 

i^i'L,(ui,l,^3)= / -^.zlu^'^u'iT{-Z2fV{z2f (V'(-Z2)+V'(^2) + 27) 

i+i/s-ioo 27rz 



Tn^uii/ 1; ^ \ + -In'' usH (1; ^ +\n' uiH ( 1,1; 

,-.2.. rrf.. 1 



+ -ln'U3ln^nii? 1; ^ - - In^ ua In-uii/ 1; +In^n3i7 1,1;- 

2 V ^1/ 2 \ uij \ ui 

- l-TT^lnuiH I 1;-— ) +lnuiH (0,0,1;-— ] +21nuiiJ (0,1,1;-— ) 
2 \ uij \ ui J \ uij 

+ 2lnuiH f 1,0, 1; -— ^ - 21n?X3lnuii/ ( 1, 1; -— ^ + Itt^IuusH ( 1; -^^ 
V uij \ ui J 2 \ uij 

-InusH (0,0,1;-— ) -21n?X3-ff (0,1,1;-— ) -2\nu3H (1,0,1;- — 



Ul J \ U\ J \ U\ 

2C3H n^H (l, 1;-^) + 2H (o, 0, 0, 1; 

UlJ \ UlJ \ Ul 

+ 2H ( 0,0,1,1;-— ) +2H (0,1,0,1;-— ) +2H (1,0,0,1;- — 

UlJ \ UlJ \ Ul 



(C.19) 



The remaining term is again computed by exchanging one of the MB integrations with an 
Euler integration. Shifting the contours such that they satisfy the assumptions underlying 
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Eq. (3.10) introduces an additional residue of the form, 
Ji du J+i/5_ioo 27rz 



/•+l/5+ioo J 

= / ^4 uT'' «?r r {Z2f inu2 

= ^ln«2ln^'(ii-H' 1 1;-— I + ^Inualn^Mgi/ ( 1; -— ) +lnu2lnuii? (0,1;- — 
2 V uiy 2 V uiy/ V "1 

-Inualn^xglnnii/ f 1;-— ) + -vr^lnusi^ ( 1;-— ) +ln?i2^ ( 0,0,1;-— ) 
\ UlJ 2 \ UlJ \ UlJ 

— In 1*2 Inu^H ( 0, 1; -] . 

(C.20) 

After inserting an Euler integral for the integral over zi in the second term of Eq. (C.18) 
and exchanging the Euler integration and the integration over Z2 , the MB integral is trivial 
and can be performed by closing the contour and summing up residues, 

dv du {uv — V + [—uiv"^ + uiuv"^ + uiv — U3V + Us) ^ 
Jo Ji 2 

X I In^ [[u-l)v + l)-2 In ui ln(l -v)-2 ln(l - v) In {{u -l)v + l) 

+ 21nu3ln(l - v) +21nni In?; + 21n?; In ((n - 1) w + 1) + 21n'Ui In ((u - l)v + l) 
— 2 In In?; — 2 In Us In ((n — 1) u + 1) + In^ ui + In^ u^ — 21n'Ui Intxs + ln^(l — v) 

+ ln^t; - 21ni;ln(l - v) +7r^| , 

(C.21) 

and the integration over u can be done easily in terms of ordinary polylogarithms, yielding, 

^ dz; ^ (1 - v)-^ I In^ {v {u2 - 1) + 1) - 3 ln(l - v) In^ {v {u2 - 1) + 1) + (C.22) 

31n?;ln2 {v {u2 - 1) + 1) +31ntfiln^ {v {u2 - 1) + 1) - Sln^igln^ {v {u2 - 1) + 1) - 
3 f ui{u2-l)v^ + iui-us)v + uA _!) + !) + 

31n2(l - v) In {v {u2 - 1) + 1) + 3 In^ w In {v {u2 - 1) + 1) + 3 In^ ui In {v {u2 - 1) + 1) + 
31n2 Us In {v {u2 - 1) + 1) - 61n(l - ?;)lnt;ln {v {u2 - 1) + 1) - 
61n(l — v) In Ul In {v {u2 — 1) + 1) + 6 In v In In {u2 — 1) + 1) + 
61n(l — v) In Us In {v {u2 — 1) + 1) — 6 In v In ua In (v {u2 — 1) + 1) — 
6 In Ul In Us In {v {u2 — 1) + 1) + 

61n(l - .) In (_ ^^(^^2-l)v' + {uyu,)v + u, \ _ 1) + 1) _ 

\ (V — 1)^3 J 
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Ul {U2 - 1) + (Ui 





{v - 1)»3 ; 




1) + («! - (V:-)) r + (7,3 




(f - l)lt3 


Ul {U2 — 


1) + (ui - ua) i; + ua 



einniln (^- '^^^"^ ^ ' ^ '^^ ) \n{v{u2 - 1) + 1) + 

V [v - 1)^3 y 

gLi^ ^ + _!) + !) + svr^ In (. {u^ - 1) + 1) - 

31n^(l — v) In (ui (n2 — 1) + (ui — u^) v + ua) — 
3 In^ V In (lii {u2 — 1) + {ui — u^) v + u^^ — 
3 In^ Ul In (u2 — 1) + — u^) v + u^) — 
3 In^ In (txi ('U2 — 1) f ^ + (ui — u^) v + ■ua) + 
61n(l — v)\nv In (-ui (-^2 — l)v'^ + {ui — us)v + ua) + 
61n(l — v) Inui In (ni (u2 — 1) + (ni — u^) v + ua) — 
6 In w In Ul In (ui (n2 — 1) f ^ + (ui — 1*3)1) + n3) — 
61n(l — v) In 1x3 In (ui (u2 — 1) + (ni — 113) v + 1x3) + 
6 In i; In 1*3 In (ui (1*2 — l)v^ + {ui — ua) f + ^3) + 
6 In Ul In ua In (^ui {u2 — 1) + (ui — us)v + ua) — 

Stt^ In (ui {u2 — 1) + (ui — -ua) v + -ua) + 3 ln^(l — v) In (vui — v ua + u^) + 

3 In^ 1; In (vui — vu^ + ua) + 3 In^ ui In {vui — vu^ + U3) + 3 In^ 1x3 In {vui — VU3 + u^) — 

6 ln(l — f ) In t; In {vui — VU3 + U3) — 6 ln(l — v) In ui In (■uui — i;n3 + U3) + 

6 In i; In ui In (t;ni — t;n3 +1x3) + 6 ln(l — t;) In 113 In (uui — VU3 + 1*3) — 

6 In In U3 In (t;ni — t;n3 + 1x3) — 6 In ui In 17,3 In (vui — VU3 + 1*3) + 

37r^ In (i;ui — VU3 + U3) — 61n(l — i;)Li2 ( -. — — I + 61ni;Li2 ( — — ) + 



{v — l)lt3 / \ ~ 1)'"3 

61nniLi2 ( , ^ - 61nuaLi2 ( , 1 + 61n(l - .)Li2 ^^^^ " + 



(i;-l)u3y v('"-l)'"3/ V (w - 1)1x3 

61ni;Li2 (' ^^1 - 1) + 1) \ _ 6i,,^Li2 f " 1) + 1) \ ^ 

- i)ii3 y V - 1)^3 / 

61nuaLi2 (^^^1 (^2 - 1) + 1)\ _ ^^13 f ^ ^ + gLia ^""^ " + 



(i;-l)u3 / V(i;-l)itay V (i; - l)it3 ) \ ' 

We are thus left with only the integration over v to be done. We proceed in the by now 
usual way by converting all the polylogarithms in Eq. (C.22) into Goncharov polylogarithms 
using the algorithm of App. B and then perform the integration over v using the recursive 
definition of the G-function. At the end of this procedure we find, 



, 1; 1 In^ ui + -G[ 1; 1 In^ ui - -^(0, i;2i3; 1) In' ui - 

2 \l-u2 J 2 \ U1-U2, J 2 

\q{v2iz, 1; 1) In^^^i + G f 0, 0, l] hiui + G fo, 1, 1] Ini^i + 
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2G f 1, 1; l] Inui + G f 1, l) Inui + G f 1; l") lnni + 

\1 — n2 J \1 — U2 1 — U2 J \l — U2 1 — U2 J 

\ «3 / V "3 / \ MS / 

^(0,^^213,0; 1) In Ml +^(0,^213, 1; l)lnui-^ I 0,^213, ; 1 ) ln'Ui-^(i;2i3, 0, 1; l)lnni- 

V I-U2 J 

g{v2i3, 1,0; 1)111^1 + 2^(i;2i3, 1, 1; l)lnui - ^ ( V213, 1, z ; 1 J Inui - 

V I-U2 J 

Q \V2ii-, rr— — > 1; 1 ) - G (0, — — ; 1 ) lauzhiui - G [ 0, — 1 ) \au3\au1 - 

\ 1-U2 J \ 1-U2 J y 1-^ J 

G {—- — ; 1; 1 J Inuslnui - G \ ^ , 1; 1 ) Inuzlnui + ^(0,^213; 1) In-us In-ui + 
g{v2i3, 1; 1) In U3 In ni + ^G (^0, 1^ In^ M3 + ^G ^) ^""^ + 

(1^' ^ (-^' ') - ^^"^ - 

^^(..3, 1; 1) in^ .3 + ^.^G (0, 1) +lvr^G (0, 1 j ^ 



^,1;1 +G 0,0,0,- ;1 +G 0,0,- ,0;1 + 

2 \ U1 — U3 J \ I-U2 J V I-U2 

g(o,0,-^,-^;i] + G (0,1,0, - 2G ("o, 1, 1, 1 ) + 

V 1 — n2l — -^2/ V 1 — 1*2/ V 1 — 1*2 

1 \ „/ 1 \ 1 1 

0,1,- ,- ;: 



G 0,1,- ,0;1 -2G 0,1,- ,1;1 +G 0,1,- ,- ;1 + 

V l-tt2 / V 1-1*2 / V 1- 1*2 1-1*2/ 

g(o,-^,0,0;i] +Gfo,-^,0,-^;l') -Gfo,-^,l,l;l') + 

\1 — n2 / \1 — -^2 1 — 1*2/ \1 — 1*2 / 

Gfo,-^,-^,0;l) +Gfo,-^,-^,-^;l) -h G ( 0, 0, 0; 1 | - 

V 1-1*2 1-1*2 / V 1-^2 1-1*2 1-1*2/ V / 

^(oT^mT'O'I'M -gUy^,1,0;i] +g(o,^^,1,1;i) + 

\ U3 / \ U3 J \ U3 ) 

g{-^,0,0,\;\\ +Gf-^,0,l,0;l') - 2G f-^, 0, 1, 1; l) + 

VI" 1*2 / VI - 1^2 / VI - 1*2 / 

g[-^,0,\,-^;\ \ +Gf-^,0,-^,l;l) + G f-^, 1, 0, 0; 1 

VI - 1*2 1 — 1*2/ VI - 1*2 1-1*2 / VI — 1*2 

2Gf-^,l,0,l;l) +Gf-^,l,0,-^;l) - 2G f-^, 1, 1, 0; l) + 

VI - 1*2 / Vl-1''2 1-1*2/ VI - 1*2 / 

3Gf-^,l,l,l;l) -2g{-^,\,\,-^\\ \ +Gf-^,1,-^,0;1 

VI - 1*2 / VI - ^2 1 — 1*2/ VI" ""2 1 — 1*2 

2G f-^, 1, 1; 1) + G {-^, 1, l) + 

VI - 1*2 1-1*2 / VI - '"2 I-M2 1-1*2 / 
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(-^,-^,0,l;l) +g(-^,-^,1,0;i) - 2G f-^, 1, 1; l") + 

\1 - U2 I - U2 J \l - U2 I - U2 J \1 - U2 I - U2 J 

\1 - U2 I — U2 I — U2 ) \\ — U2\ — U2\-U2 J 

(3-^,0, 0,l;l) +g(^-^,0,1,0;1) - 2G ( 0, 1, 1; 1 ) + 

(rrMT'l.O'O;!) -2g(3-^,1,0,1;i) - 2G ( 3-^, 1, 1, 0; 1 ) + 
3G Y3«r' 1' 1' 1; 1) - ^^'^(0, i;2i3; 1) - ^7r26;(t;2i3, 1; 1) - ^(0, i;2i3, 0, 0; 1) + 

^ 1,1; 1) + 



\ "3 / 

g(0,i;2i3,0,l;l) -g (0,i;2i3,0,-^;l ) + ^(0, i;2i3, 1, 0; 1) - ^(0, ?;2i3, 1, 

V J- — 1*2 / 

g(0,t;2i3,l,-^;l) -g (0,t;2i3,-^,0;l ) + ( 0, z;2i3, :r^' ^ 
Q (0,i;2i3, — ^- — • — ^- — :1 I -Cf7;oiQ. 0.0. 1:11 - CffoiQ. 0. 1. 0: ll + 2C('fo 



G 




\ \ — U2 ) \1 — 'U2 ) \1 — U2I — U2y 

G|^0,^^^,0;lj Inu3 + G^0,^^,l;lj ln«3 - G (^^-i— , 0, 1; 1^ Inn; 
G f-^, 1, 0; 1) ln^X3 + 2G f-^, 1, 1; l) lnt^3 - G [-r^. 1, 1 ) lnu3 - 

VI - ■W2 / VI - ^2 / VI - ^2 l-ti2/ 

^ ( rr^' rr^' 1; l^^^a - G (^j^' l' lnu3 - G (^3^^, 1, 0; 1^ lnu3 + 
2G (^y^mT'^'^'i) Inu3 + g(0,i;2i3,0;l)lnu3 -g(0,i;2i3,l;l)lniX3 + 
^ ( 0,i;2i3, :r~ — ; 1 ) I'^^s + ^'('"213,0, 1; l)lnu3 + ^?(-i;2i3, 1,0; l)lnu3 - 

V 1 - «2 y 

2^(^213, 1, 1; l)lnn3 + ^ ( 1^213, 1, ; 1 I lnu3 + ^ ( V213, , 1; 1 I lnu3 . 

V 1-1X2/ V 1-1*2 / 
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D. Limits of the remainder function 
D.l Multi-Regge limits 

In this section we discuss the behaviour of the remainder function in the multi-Regge 
kinematics. These are defined by requiring the final-state gluons to be strongly ordered in 
rapidity while having comparable transverse momentum. If we choose the gluons 3 and 4 
as incoming, this implies the hierarchy of scales, 

-S34 > -S234, -S345 > -S56, -S6l, -S12 > -SA5, -5456, -^23 • (D-1) 

Introducing a parameter A <C 1, the above hierarchy is equivalent to a rescaling, 

{5234,5345} = C(A) , {S56,561,S12} = C(A^) , {S45,S456,S23} = C(A^) , (D-2) 

whereas S34 is 0{1). In this limit all three conformal cross ratios take limiting values [28, 
59, 60], 

ui=C»(A), U2 = 0{X), U3 = 1 + 0{X), (D.3) 

and it was shown that in the Euclidean region the remainder function must vanish. 

As a consistency check of our computation, we computed the leading behaviour of the 
remainder function in the multi-Regge limit. Apart from fH{pi,P3,P5',P4,P6iP2), the sums 
of all the other terms in Eq. (2.13) is expressed in terms of harmonic polylogarithms, thus 
we can directly expand the harmonic polylogarithms in the scaling parameter A and only 
keep the leading term. However, fHipi,P3,P5',P4,P6,P2) is expressed in terms of Goncharov 
polylogarithms whose arguments are complicated functions of the conformal cross ratios. 
It is therefore easier to compute fHiPi,P3,P5',Pi,P6,P2) from scratch in the limit under 
consideration. In what follows, this technique is described on the example of the threefold 
contribution to fHiPi,P3iP5'iP4:,P6,P2) presented in Eq. (2.25). 

Defining a quantity us hy us = 1 + U3, we can reformulate the problem as finding the 
leading behaviour in the limit A — > of the integral 

1 p^p^p^^,^,^ + ^3 + ,3 (1 + ^ ^3^.3 

4 J_i^ J_i^ J_i^ 2m 2m 2m 

X r {-zif r {-Z2f r {-z^f r {z^ + Z2) r {z2 + z^) r {z^ + zi) . 

(D.4) 

The code MBasymptotics allows us to extract the leading behaviour for A — > of MB 
integrals of the form 

where P{z.i) is a polynomial in the integration variables, and f(^Zi) denotes a function 
independent of A. However, the integral in Eq. (D.4) violates this form. We can bring 
Eq. (D.4) into the desired form to the price of introducing an additional MB integral by 
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applying Eq. (2.16) to the term (1 + XuaY^. Eq. (D.4) now takes the form, 

1 f+ioo I'+ioo I'+ioo I'+ioo J J J J 
^ J —too J -loo J -loo J -too "^"^ ^''^ 

X r(-z) r r (-^2)' r {zi + ^2) r (z - ^3) r (-^3) r {z^ + Z3) r {z2 + Z3) 

1 I'+ioo I'+ioo I'+ioo J J J 

X r r (-Z2)' r (zi + 22) r (-^3)' r (zi + ^3) r (^2 + ^3) 

d2 ^^^^ ^ ^^^^ ^ 

4 2m 2m 2m 

X r {~zif r (-Z2)' r (^i + Z2) r (-^3)' r (zi + ^3) r (^2 + ^3) , 

(D.6) 

where the contours for the integrations over Zi, i = 1,2, 3, are given in Eq. (2.26) and the 
contour for the integral over z is a straight vertical line with Re(2;) = +|. The three- 
fold contributions arise when shifting the z contour from the form required by Eq. (2.16) 
to a straight line. All the integrals in Eq. (D.6) match precisely the form required by 
MBasymptotics, and we find, 

Inf-uiUo) In^ — TT^ In'^ — 

V 2j U2 96 U2 2880 

1 p+l/3+ico J 

+ j ^.^l « ^2-^^ + ^r^^ O r (-^1)^ r {z^f r {2z^) 

~ W7 ttA z^r {-zsf T {zsf (6(ln'Ui +ln'U2 + 27e) V(-23) +67Bln'U2 

24 7_i/5_j^ 27rz V 

+ 6 In Ml (In M2 + 7b) + SV' (23)^ + 71"^ + 67I; ) . 



The integral over zs can be evaluated in terms of harmonic polylogarithms in the usual way 
by closing the contour to the right and summing up residues. The integral over zi is more 
special, because it involves poles in half-integer values of the T function. Summing up the 
tower of residues leads to multiple binomial sums [50, 51]. However, we observe that this 
contribution cancels against similar contributions coming from the twofold contributions to 
fH{piiP3,P5',P4,P6,P2), so we do uot discuss this issue further. Finally, combining all the 
contributions, Eq. (2.13), we find that the remainder function vanishes in the multi-Regge 
limit (D.l), 

limi?^^^(Aui,A'U2,l + An3) = 0. (D.8) 

A-i-O 

Note that there are five more ways in which we could have defined the multi-Regge limit, 
corresponding to the five cyclic permutations of the indices in Eq. (D.l). It is clear that in 
terms of conformal cross ratios the six different ways of taking the multi-Regge limit are 
equivalent pairwise, and we have checked that our expression satisfies 



+ Xui,Xu2,Xu2) = and lim 

A-i-O 

Therefore, our result has the correct behaviour in all the multi-Regge limits 



limi?^^^(l-FA'Ui,A'U2,A'U3) = and lim i?^^^(A'Ui, 1 An2, An3) = , (D.9) 

A- — ^0 A — ^0 
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D. 2 CoUinear limits 

In this section we compute the remainder function in colhnear kinematics. If the momenta 
of two external particles, say 1 and 2, become collinear, then the conformal cross ratios 
take the particular values, 

Ui^O, U2^ {1- Z)—, U3^1-U2, (D.IO) 

•5234 

and the remainder function must vanish in this limit, i.e. 

\imR^^\Xui,U2,l-U2) = 0, \/u2. (D.ll) 

A->-0 

We proceed in a similar way to the multi-Regge limit, and we again only discuss here 
the case of the threefold contribution to fH{pi,P3,P5',P4,P6,P2)- Using MBasymptotics we 
obtain the leading behaviour of Eq. (2.25) in the limit A ^ 

i L L ^ ^ " - " " " " <^'' " ^ (D.12) 

X (^3^2 In Ui + 27E Z2,Z2 + 22 + ^^3 + ^3^2 V' (^2) + ^3^2 (^3)) , 

with the integration contours given by Eq. (2.26). Closing the integration contours to the 
right and taking residues results in binomial nested sums, similar to the ones encountered 
in Eq. (C.5). All the sums can hence be done using XSummer and result in polylogarithms. 
Since the expression is rather lengthy and does not add anything new to the discussion, we 
do not show the result explicitly. Finally, combining this result with the contributions com- 
ing from the other contributions in Eq. (2.13) we see that our expression for the remainder 
function satisfies Eq. (D.ll). 

Similarly to the multi-Regge case, we could have defined five additional collinear limits 
obtained by cyclic permutations of the external momenta. The six limits one obtains in this 
way are again equivalent pairwise at the level of the reminder function (up to redefining, 
e.^., U2 ^ 1 — 'fia in Eq. (D.ll)), and we checked explicitly that our result does not only 
satisfy the constraint (D.ll) but also 

f2l f2l 

lim i?g (ui, Au2) 1 — ^ti) = and lim i?g (tti, 1 — ui, Aus) = 0, V^i . (D.13) 

A — ^0 A — ^0 

E. Special values of ordinciry and hcirmonic polylogarithms 

In this appendix we present several special values of polylogarithms up to weight four we 
encountered throughout our computation. All the identities of this section were obtained 
either using the PSLQ algorithm [61, 62] or using the HPL package [63]. The question 
whether a given transcendental number can be expressed as a polynomial with rational 
coefficients of other transcendental numbers, i.e., the problem of finding a basis in the 
space of transcendental numbers, is an open mathematical problem, and we must therefore 
make an a priori choice for our basis. Our choice consists in monomials in the following 
transcendental numbers: 
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• weight one: In 2, In 3, 



ht two: TT^, Li2(l/3), 



• weight three: Ca, Li3(l/3), Li3(-l/2), 



• weight four: Li4(l/2), Li4(-l/2), Li4(l/3), Li4(-l/3), S2,2(-l/2), ^2,2(-l/3). 



Note that the values of harmonic polylogarithms in 1/2 presented in this appendix are 
sufficient to obtain all harmonic polylogarithms in 1/2 up to weight four. Furthermore, 
as the space of harmonic polylogarithms is closed under the transformations x — t- (1 — 
x)/(l + x) and x — >■ —x, these values are at the same time sufficient to construct all 
harmonic polylogarithms up to weight four in —1/2 and ±1/3, and we have hence proved 
at the same time that all harmonic polylogarithms up to weight four in these values can 
be expressed completely in the basis we just defined. 



E.l Polylogarithms of weight two 



Li2(-8) =31n2 3-61n21n3 + 6Li2 



Li2(-2) 

1 

2 

1 
3 
1 



Li2 I - 
Li2 
Li2 

Li2 ( - 

Li2 

Li2 

Li2 



T 



Li2(-3) = -ln2 3-2Li2 



^In^3-In21n3 + Li2 Q 



TT 



- - In22- - In2 3 + In31n2-Li2 ( - 
2 2 V3 



1 



In^ 3 + 2Li2 



TT 



-ln22-31n23 + 61n31n2-6Li2 ( ^] +^ 



21n^2-ln^3 + 21n31n2-2Li2 - + — 



TT 



In^3 + In21n3-Li2 ( ^ ) + ^ 



-In^3 + In21n3-Li2 



- 2 In^ 2 + In^ 3 + 2Li2 



+ 



TT 



(E.l) 
(E.2) 
(E.3) 
(E.4) 
(E.5) 
(E.6) 
(E.7) 
(E.8) 
(E.9) 
(E.IO) 
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E.2 Poly logarithms of weight three 



Li3(-8) = -31n3 2-^7r2ln2 + 18Li3(-^) +^ (E.ll) 
Li3(-3) = - ^ ln3 3 + 2Li3 (^) - ^ (E.12) 



Li3(-2) = -^ln32-^7r2ln2 + Li3 (^-^ 



2 V 2 / 4 



,4/ 3 3 12/2 

Li3 (1 



Lis! ) +C3 



2 V2 



(--) - - 

V 2y 40 



(E.13) 



Li3(-^) = -^ln3 3 + ^7r2ln3 + 2Li3 (E.14) 
Li3 ( -^^ = ^ In^ 2 - TT^ ln2 + 18Li3 ( -]-) + ^ (E.15) 



Li3(l^ =|ln3 2-l7r2ln2 + 4Li3('-^V^ (E-16) 



( - ) =-ln32 + -In^S- ^In231n2 + ^7r2ln2- ^7r2ln3-Li3 ( - ) (E.17) 
\3j 6 3 2 6 6 V^y 



Li3 (^^^ =21n=^2 + iln3 3-21n31n22-2Li3 - 4Li3 (^-0 - ^ (E.18) 
E.3 Polylogarithms of weight four 



Li4(-8) = -4 In'' 2 - -TT^ In^ 2 - 42Li4 ( - ) - 54Li4 (--)-— (E.19) 



Li4(-3) = -^ln^3- 4^7r2ln23-Li4 (E.20) 

^ ^ 24 12 V 3y 360 ^ ^ 

Li4(-2) = - i- In^ 2 - — TT^ In^ 2 - Li4 f - - ^ — (E.21) 

^ ^ 24 12 V 2y 360 ^ ' 

Li4 ( - ) = 8Li4 ( -- ) + 8Li4 ( - ) (E.23) 



9J V 3; V3, 

Li4 = 8Li4 (-0 + 8Li4 (E.24) 

Li4Q) =-Li3(^-01n2 + Li3(^-01n3 + C3ln2-C3ln3 + ^ln4 2 (E.25) 

- In^ 3 - ^ ln31n=^ 2 + ^ In^ 31n2 + -^tt^ In^ 2 + -^tt^ In^ 3 - ^tt^ In31n2 
12 6 6 12 12 6 
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Li4 = 4Li3 (0 In 2 - 2Li3 In 3 - y Cs In 2 + ^Cs In 3 - ^ In^ 2 (E.26) 

+ ^ In"^ 3 + ^ InSln^ 2 - ^ In^ 31n2 + ^vr^ In^ 2 - -^tt^ In^ 3 - 8Li4 ( ^ 

-Li.(-l)-8L,(-l)+5.,(-l)+^ 

Li4 ( ^ J = -36Li3 In 2 + ISLia In 3 + STCa In 2 - ^ Cs In 3 + y In^ 2 (E.27) 

— In^ 3 + lOln^ 31n2 - Qln^ 31n2 2 - -tt^ In^ 2 + — vr^ In^ 3 - 3tt^ In31n2 
24 6 6 



+ 74LU (1) - 8Li4 (1) + 10Li4 (4) + 54Li4 (-1) - 95., (-1 



120 



'2,2 



-36Li3 ( ^ ) In 2 + 54Li3 ( - M In 2 + ISLia ( ^ ) In 3 (E.28) 



- 36Li3 ^-^^ In 3 + In 2 - 51C3 In 3 + ^ In^ 2 - y In^ 3 + 6 In 3 In^ 2 

+ 6 In^ 3 In 2 - 9 In^ 3 In^ 2 - y tt^ In^ 2 + ^tt^ In^ 3 + 116Li4 + 18Li4 ^ j 



+ 108Li4 -- - 95; 



1\ „„ / 1\ ITtt^ 



2 y ""^^'^ V 37 360 

52,2 = -Li3 ln2 + Li3 (^-^^ ln2 + Li3 ln3 - Li3 (^-0 ln3 (E.29) 

- — In^ 2 - — In^ 3 + - In31n3 2 + - In^ 31n2 - - In^ 31n2 2 + 2Li4 | - ) 
24 24 6 6 4 V^/ 

+ 2Li4(-i)-5.,(-i 

^..Q)=4c3ln2 + lln^2 + ^ (E.30) 
= -Li3 (-^] In 2 - Li3 Q") In 3 + Cs In 2 - Cs In 3 + ^ In^ 2 + ^ In^ 3 (E.31) 



'2,2 



-lln331n2-2Li4Q)-2Li4(-l)+5.,(-l) 



360 



q\ /l\ /l\ 19 2 

- j = -8Li3 f - - j In 2 - 2Li3 ( - j In 3 - 9(3 In 2 + — C3 In 3 + - In^ 2 (E.32) 

+ — In^ 3 - - ln3 In^ 2 + -vr^ In^ 2 - -tt^ In^ 3 - 16Li4 f - ) - 2Li4 f -- 
24 3 3 6 V2/ \3 



16Li4(4)+5.,(-l)+^ 



^2,2 (^l^= -36Li3 Q) In 2 - 6Li3 In 3 - 36Li3 ^ In 3 + 57(3 In 2 (E.33) 
- ln3 + ^ In^ 2 + ^ In^ 3 + 61n31n3 2 + 21n3 31n2 - gin^Sln^ 2 - ^tt^ In^ 2 

+ i.^ In^ 3 + 32Li, (i) - 16Li. (1) + 2Li, (-i) - 9S., (4) - ^ 
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(^-1,1,-1,1;^) =-Li2Q)ln2 2 + 2Li2 In^ 3 - 4Li3 ln2 (E.34) 

+ 8Li3 (^—^ In 2 - 2Li2 Q j In 3 In 2 + 4Lh Q j In 3 + In 2 - ^Ca In 3 

Tilt; 1 1 23 

+ — In^ 2 + — In^ 3 + - ln31n^ 2 - - In^ 31n2 - - In^ 31n2 2 tt^ In^ 2 

8 12 6 3 2 24 



+ ^7r2ln2 3-^7r2ln31n2 + 32Li4 + 4Li4 (^-^j + 32Li4 (^-^^ + 2Li2 Q 



2 

3. 



1440 



i? (^0, -1, -1, 1; ^) = -^Li2 In2 2 + Lis In^ 3 + QLig ln2 (E.35) 

- 7Li3 In 2 - Li2 In 3 In 2 - 4Li3 ln3 + 8Li3 (^-^) In 3 - ^C3ln2 

- -C3ln3 - - In"^ 2 + — In"^ 3 - - In31n3 2 - 21n3 31n2 + - In^ Sln^ 2 + — vr^ln^ 2 
3^ 2 12 6 4 24 

+ ^7r2ln2 3 + ^^2i^31^2-9Li4 - 12Li4 + 2Li4 (^-^j -22Li4(^-^ 

(^0, -1, 1, -1; ^) = -^Li2 In^ 2 - Li2 ln2 3 - 12Li3 In 2 (E.36) 

+ 12Li3 (^-0 ln2 + 2Li2 ln31n2 + 6Li3 ln3- 12Li3 (^-0 In 3 

+ ^C3ln2- ^C3ln3+ -^ln^2- ■^ln^3+ |ln3In32 + 3In^31n2- ^In2 31n2 2 
8 8 12 32 2 4 

24 48 12 \2j 2 4 

.3...(-l)-L.(l)%^-3..(4)-S..(-l)-I^ 

(o, -1, 1, 1; = ^Li2 ln2 2 - 4Li3 In 2 - ^Ca In 2 - ^ In^ 2 (E.37) 

- i In 3 ln3 2 + - ln2 3 In^ 2 + -ir^ In^ 2 - 9LU (-]- 12Li4 f --^ - ^^""^ 



2 4 3 V2/ V2y 1440 

( 0, 0, -1, 1; = -Li3 (-^) In 2 - ^Ca In 2 - ^ 2 + ^tt^ In^ 2 (E.38) 



-2Li4(l)-6Li4(-l) 



4 



Sir 
1440 



H (^0,0, 1, -1; = Li3 In 2 - Li3 (^—^ In 2 - ^Li3 In 3 (E.39) 

+ Lis ln3 - gca ln2 + ^(a ln3 + ^ In^ 2 + ^ In^ 3 - ^ In31n3 2 - ^ In^ 3In2 

+ - ln2 31n2 2 + -tt^ In^ 2 - -tt^ In^ 3 - 2Li4 ( -) - + 2Li4 f-- 

4 24 24 V2y 2 V 2 



2/ 480 
^ -47 



H (^0,1,-1,-1; = 3Li3 ln2-3Li3 {-^ ln2- ^Lig In 3 (E.40) 
+ 3Li3 (^-0 ln3 - ^Ca ln2 + ^Ca ln3 - ^ In^ 2 + ^ 3 - i In31n3 2 - ^ In^ 31n2 

+ - ln2 3 ln2 2 + -tt^ In^ 2 - -tt^ In^ 3 - 8Li4 (-\- 2Lu {-^ 
4 24 24 V2; V" 



V 27 4 14' 



.4 

1440 



ii'(0,l,-l,l;^ ) = -7Li3 ( M ln2 + 10Li3 ( ) ln2 + ^Lia ) ln3 (E.41) 



2/ "V3/ V2y 2"V3 

- 7Li3 In 3 + ^ C3 In 2 + ^ Ca In 3 + In^ 2 - ^ In^ 3 + ^ In 3 ln3 2 + ^ ln3 3 In 2 

7 n 9 7 , , 7,9 /IN 21Li4(i) 7Li4 (-i) 

- - In^ 3 In^ 2 - -tt^ In^ 2 - -tt^ In^ 3 + 17Li4 ( - j + ^ '-f^ 



+ 32Li4f-iV^^^-7^-f--l-- 
\ 2) 4 ' V 2 y 240 



H (^0, 1,0,-1; = 2Li3 In 2 - 2Li3 (^-0 In 2 - Li3 In 3 (E.42) 
+ 2Li3 (^-0 ln3 + ^C3ln2-^C3ln3 + ^ln^2-^ln43-iln31n32-iln331n2 
+ ^ In^ 3 In^ 2 - ^tt^ In^ 2 + ^tt^ In^ 3 + 3Li4 - 6Li4 + 2Li4 ^ 

if (^0, 1, 1, -1; ^) = 8Li3 ln2 - 8Li3 ln2 - 4Li3 ln3 (E.43) 

+ 8Li3 1 -- I ln3- — C3ln2- -C3ln3- -ln^2 + -ln''3- -ln31n=^2- -In331n2 
\ 2) 3 ^ 3^ 3 6 3 3 

+ 21n^ 31n2 2 + ^tt^ In^ 2 + ^tt^ In^ 3 - 10Li4 - 12Li4 + 2Li4 ^-^ 

_.3..(-i)....(-l).«..(-i)/^ 

E. 4 Poly logarithms of complex arguments 

uJ-+'-\+uJ--'-\ =lln32--7r2ln2 + -C3 (E.44) 
•^V2 2y •^V2 2y 24 96 32 ^'^ ^ ' 

fl i\ /I i\ 1 4 5 90 5Li4(i) 3437r^ 

Li4 hr + 7^ + Li4 - - - = — In^ 2 - — TT^ In^ 2 + + — — (E.45) 

V2 2y V2 2y 48 384 8 46080 ^ ^ 

F. Special values of Goncharov multiple polylogarithms 

In this appendix wc present special values of Goncharov multiple polylogarithms that we 
encountered throughout our computation. The results are expressed in the same tran- 
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scendental basis as in App. E. All the expressions have been derived using the reduction 
algorithm of App. B. Note that we present here only values for poly logarithms of the form 
G{w;l). It is very easy to extend this list to other types of polylogarithms by applying 
Eq. (B.7). 



F.l Polylogarithms of weight two 



=ln^3 + 2Li2(^-j (F.l) 
G 1; l) = In^ 3 + In21n3 - Lis Q) + y (F.2) 
G(2,l;l) = ^ (F.3) 



12 

F.2 Polylogarithms of weight three 



G ^, -1; l) = 4Li2 In 2 + Li2 In 3 + ^ In^ 2 - ^ In^ 3 - In 3 In^ 2 (F.4) 

+ 21n231n2- ^7r2ln2 + ^7r2ln3 + 10Li3 - 3Li3 (^-^^ - lOCs 
G (^-^, 0; 1 j = Li2 In 3 + i ln3 2 - i In^ 3 + ^tt^ In 2 - ^tt^ In 3 (F.5) 



3 J 2 V 2y 4 

G^-i,0,-l;lj =Li2Q^ln2 + ^ln32--^ln33-ln31n22 + ^ln231n2 (F.6) 

G (^-^, -1; l) = -8Li2 ln2 - ^ In^ 2 + ^ ln3 3 + y InSln^ 2 (F.7) 
41n2 31n2-^7r2ln2-i7r2ln3-2Li3 (D+IQU^ ( -l] + ^^^^^ 



12 6 \3J \ 2 

G( -^,-^,-^;l^ =-14Li2 ln2- y In3 2 + 141n31n2 2-71n2 31n2 (F.8) 

Vln2 + 34Lr3r4V^^ 



3 " V 2y 2 

G (--,--, 1;1) = -10Li2 I - I ln2-31n^2- -In33 + 61n31n22- -In231n2 (F.9) 
\32/ \3/ 6 2 

- Itt^ ln2 + ln3 + Lis f I) + 18U, ( -]-) + 



6 3 V3/ V2/ 4 
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g(-1,-1,-7;-a] =2Li2 (-) ln2 + ^In=^2-41n31n2 2 + ln2 31n2 + 7r2ln2 (F.IO) 



17Li3 



1\ 49C3 



G (-^, 1, l) = 10Li2 Q j In 2 - 6Li2 In 3 + ^ In^ 2 - ^ In^ 3 (F.ll) 

- 8 In 3 In^ 2 + 5 In^ 3 In 2 + TT^ In 2 - ^tt^ In 3 - 14Li3 - ^SLia ^) - 

G(0, -2, -8; 1) = -9Li2 In 2 + 6U2 In 3 - ^ In^ 2 + ^ In^ 3 (F.12) 

+ 51n31n22-51n231n2 + ^7r2ln2 + ^7r2ln3 + llLi3 + 4Li3 (^-^j - ^ 

G(0, -2, 1; 1) = - ^ In^ 2 + In^ 3 + ^ In 3 In^ 2 - ^ In^ 3 In 2 - ^tt^ In 2 (F.13) 

24 2 4 ^\ 2j 8 

G(0,l,2;l) = i7r2ln2-^ (F.14) 

G(0,2,l;l) = ^-^7r2ln2 (F.15) 

(1 \ 1 ^ 3 3 

-) In2 + -ln32 In"^ 3 - - In31n2 2 + - In^ 31n2 (F.16) 

1 9 1 9 Li3(i) 3Li3(-i) / 1\ 9C3 
- -.^ In 2 + -.^ m 3 + ^ + - 3Li3 (- - ^ - 

G(0, 4, -2; 1) = -Li2 Q j In 2 + Li2 Q j In 3 - ^ In^ 2 + ^ In^ 3 + ^ In 3 In^ 2 (F.17) 

- - ln2 3 In 2 - -tt^ In 2 - -tt^ In 3 + 4Li3 (--)+ — 

2 6 6 V 2y 2 

g(^^,1,4;1^ =6Li2Q^ln3-4Li2Q^ln2 + ^ln3 3-21n21n2 3+^7r2ln3 (F.18) 



-4Li2 In 2 - ^In^2 + 21n31n2 2- 21n2 31n2 + 4Li3 ^-^j (F.19) 



^ 4 
G -,-,l;l 
V3'3' ' 

G(-,-,1;1) =4Li2 ( - ) ln2 + - In^ 2 - — In^ 3 - 41n31n2 2 + 21n2 31n2 (F.20) 
\.32 J \.3y 3 12 



2 12 " V 3 / 2 " V 2 



G Q,2,l;l^ = -2Li2 In 2 - | In^ 2 - ^ In^ 3 + 21n31n2 2 - In^ 31n 2 (F.21) 



12 V3/ ■'V2/ 24 
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G(2,0,l;l) = 


^7r2ln2-C3 


(F.22) 


G(2,l,0;l) = 


5C3 

8 


(F.23) 


G(2,l,l;l) = 


3C3 

4 


(F.24) 


G(2,l,2;l) = 


vr In 2 

4 12 


(F.25) 


G(2,2,l;l) = 


C3 

8 


(F.26) 


G(3,0,-l;l) 


= Li2 Q j ln2 - 2Li2 Q j InS + ^ In^ 2 - ^ In^ 3 - ^ InSln^ 2 


(F.27) 



+ iln^31n2 + ^A2 + i.' 1„ 3 - iiilH - ^Mzil _ Li,, (-'-)-'-^ 

2 12 8 2 4 V2y2 

G(4, 0, -2; 1) = 3Li2 In 2 - 2Li2 In 3 + ^ In^ 2 - In^ 3 - ^ In 3 In^ 2 (F.28) 

9 1 9 7 o Li3(^) 7Li3(-^) / 1\ 23C3 

+ 21n^31n2+ — 7r^ln2+ — 7r^ln3+ -^K 3J _ S3 

12 24 2 4 V 2y 4 



F.3 Polylogarithms of weight four 



g(-^,0,-1,-1;1^ =iLi2Q)ln2 2 + 8Li3Q)ln2-llLi3(^-^^ln2 (F.29) 

- 4Li3 Q) In 3 + 8Li3 ^ j In 3 - ^(3 In 2 - ^Ca In 3 + ^ In^ 2 + ^ In^ 3 

- — In31n3 2 - - In^ 31n2 + - In^ 31n2 2 + — tt^ In^ 2 + -tt^ In^ 3 - 8Li4 ( - 
6 3 4 24 6 V 2 



- 12Li4 (^) + 2LU (-1) - 23Li4 (4) + 252,2 (4) + 8^2,2 (4) + 



480 



G (^-^, 0, -1; 1^ = Lis In' 3 + 17Li3 In 2 - 19Li3 In 2 (F.30) 

- Li2 In 3 In 2 - y Li3 In 3 + 19Li3 (^-^) In 3 - ^Cs In 2 - ^Cs In 3 

+ — ln'^2 + — In'^S - — In31n3 2 - — In^ 31n2 + — In' 31n' 2 + -tt' In' 2 
24 32 6 3 4 4 



+ -^tt' In' 3 - Jtt' In 3 In 2 - 6Li4 - 30Lu + ^^^^'^j s) _ ggLj^ 
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g(^-^,-1,-^,0;i) =-^Li2Q)ln2 3 + 15Li3Q)ln2-19Li3(-^)ln2 (F.31) 
+ 3Li2 Q j In 3 In 2 - y Lis In 3 + llLis (^—^ In 3 - ^Ca In 2 + ^Ca In 3 

_ £ ln4 2 - 1 In^ 3 - - In 3 In^ 2 - ln=^ 3 In 2 + - In^ 3 In^ 2 + -tt^ In^ 2 - -vr^ In^ 3 
12 6 6 4 24 48 

1 9 /1\ 33Li4(i) 13Li4(-i) / 1\ 7Li2(i)^ 



2 4 V 2/ 720 

G (-1, -i, -1, -l; l) = -12Li2 (1) 2 + (1) 3 (F.32) 

- 123Li3 ln2 + 195Li3 (^-^^ ln2 + 3Li2 In 3 In 2 + ^Lig In 3 

- 157Li3 (- ^) In 3 + ^Ca In 2 + ^Ca In 3 - I In^ 2 - 1 In^ 3 + ^ In 3 ln3 2 

181 85 7 /l 

+ 22 In'^ 3 In 2 In^ 3 In^ 2 - Svr^ In^ 2 tt^ In^ 3 + -tt^ In 3 In 2 + 112Li4 - 

4 16 3 V2 

+ lII^Mi) _ ^3im(4) + 3,,Li4 + HMil! _ ,.Li2 ^^^^^'^ (-^) 



- 15752,2 



2 4 \ 2J 2 V3 

1 \ 3977r^ 



2/ 720 



+ 3Li2 Q j In 3 In 2 + MLia In 3 - 62Li3 (^-^ In 3 - y Ca In 2 + ^Ca In 3 

_ ^ ln4 2 + - In^ 3 + - In 3 In^ 2 + - ln=^ 3 In 2 - - In^ 3 In^ 2 - -tt^ 2 - -tt^ In^ 3 
24 3 3 2 2 12 3 



+ 7r2ln31n2 + 18Li4 + 96Li4 - 34Li4 (^-^^ + 139Li4 (^-^^ + ^^^^^ 



2 



^ 3y V 2y 360 

g(^-^,-^,1,1;i) =-12Li2Q)ln2 2 + 6Li2Qjln2 3 + 15Li3Q)ln2 (F.34) 
+ 15Li3 ln2 + lLi3 ln3 + 19Li3 (^-^) ln3 + ^Ca ln2 - ^Ca ln3 

_ 1 ln4 2 + A In^ 3 + - In31n3 2 - 21n'^ 31n2 - - In^ 31n2 2 - -vr^ In^ 2 + -vr^ In^ 3 
12 12 6 4 2 48 

5 9 /1\ 59Li4(i) 63Li4(-i) / 1\ /l^ ^ 

--7r2ln31n2 + 52Li4f-j ^ + + 17Li4 f -- ) + 6Li2 f - 



2/ 40 
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G (^~, -1; l) = -Li2 Q) In' 2 - 2Li2 In^ 3 + 25Li3 ln2 (F.35) 

- 55Li3 (^—^ In 2 - yLis InS + 31Li3 (^-0 In 3 - ^C3ln2 - ^C3ln3 

_ 31n4 2 + - In^ 3 - - In31n3 2 - - In^ 31n2 + - In' 31n2 2 + -tt' In' 2 
48 3 6 4 6 

13 o o 1 o /1\ 93Li4(i) 31Li4(-i) / 1\ 

+ — tt' In^ 3 - -tt' In 3 In 2 - 101Li4 + _ i60Li4 — 

16 2 \2j 2 4 V2y 



3 J 3 4 ' V 2y 180 

G 1; l) = 2Li2 In^ 2 - 6Li2 In^ 3 - ISLig ln2 (F.36) 

- 18Li3 ln2- ^Lia ln3- 18Li3 (-1) ln3 - H^C3ln2 + ^C3ln3 

_ ^ ln4 2 - 1^ ln43 - - In31n3 2 + - In^ 31n2 - - In^ Sln^ 2 + H^r^ In^ 2 
8 24 3 2 4 6 

- Zl^Mn^ 3 + 1„ 3 1„ 2 - 94Li. f 1 V ^lililsi - IHMzil _ 71Li. f - i) 

48 V2/2 4 V2y 

/1\' 752 2 (-4) / 1\ 47r^ 

Gf-^,0,-3,l;l^ =8Li2f^Vn'3-28Li3f^Vn2 + 8Li3f-^Vn2 (F.37) 



V 2, 

- 8Li2 In 3 In 2 + 26Li3 Q j In 3 - 8Li3 ^ In 3 + 57C3 In 2 - In 3 + 3 In^ 2 

5a 4 , 2o 499 3,9 49 /1\ 

- - In^ 3 - - ln31n^ 2 + - In^ 31n2 - -tt' In' 2 + -tt' In' 3 - -tt' In31n2 + 64Li4 - 
83 3 3 2 3 \2/ 

+ 6Li4 (I) + 22Li4 (-1) + 32Li4 f-^^ + 8Li2 (I) - - 13^2,2 f-^ 



85. 



2,2 



3/ V 3/ V 2/ V3 

1\ Qtt^ 
2 j ~ lo" 



G { -1,0, -1, 1; l) = 4Li2 (l) In' 2 - 5Li2 ( ^ ) In' 3 - 29Li3 ( ^ ) ln2 (F.38) 



3' ' 2' ' y V3/ V3/ V3 

+ 20Li3 (^-^) ln2 + 3Li2 In 3 In 2 + ^Lig In 3 - 40Li3 (^-0 In 3 - ^C3ln2 

+ ^^3ln3--ln^2--ln43+-ln31n32 + -ln331n2--ln'31n'2 + i7r'ln'2 
8 ^ 24 48 3 3 4 2 

101 o 9 4 9 /1\ 129Li4(i) 97Li4(-i) / 1\ 

- 1^ 3 + -tt' In 3 In 2 - 38Li4 J + ^ + 29Li4 

7Li2Q)^ ^ 7r^Li2Q) 952,2 (- 1) ^^^^J l\ 131n' 



2 y 720 

G(0, 0, 1, 2; 1) = ic3 m 2 - 1 h,' 2 + 1.^ 2 - Li, (i) + ^ (F.39) 
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G(0, 0,2,1 

G(0,l,0,2 

G(0,l,l,2 

G(0, 1,2,0 

G(0, 1,2,1 
G(0,l,2,2 
G(0,2,0,l 

G(0,2,l,0 

G(0,2,l,l 

G(0,2,l,2 

G(0,2,2,l 



= - In^ 2 + 3Li4 



llvr^ 
720 



--C3 In 2 - — In^ 2 - — tt^ In^ 2 - U4 
4^^^ 24 24 



1\ 197r^ 
2) ^ 1440 



1 



1 



-Cs In 2 + — In^ 2 tt^ In^ 2 + 2Uu [-] - ^ 



12 

,4o 1 _2i„2, 



12 



TT 



60 



- In^ 2 - — TT^ In^ 2 + 3Li4 ( ^ 
480 

^^3ln2-l7r2ln22- — 
8^ 12 480 

--ln^2- -7r2ln22-3Li4 



297r^ 
1440 



1 



1 



- In* 2 + -TT^ In^ 2 - 3Li4 1 1 + 



+ 



288 



TT 



In* 2 + -^n'^ In^ 2 - 2Li4 ( ^ ) + 77^ 



12 



12 



180 



Cs ln2 + - In^ 2 + — tt^ In^ 2 + 4Li4 



--^ In^ 2 - -"-TT^ In^ 2 - 2Li4 
12 24 



1\ TT^ 

2 / ^ 80 



G|'i||0;ll=Li. 



In^ 3 + 30Li3 - In 2 - 42Li3 



5^^ 
144 



In 2 



(F.40) 
(F.41) 
(F.42) 
(F.43) 
(F.44) 
(F.45) 
(F.46) 

(F.47) 
(F.48) 
(F.49) 
(F.50) 
(F.51) 



Lio - In31n2- 3Li; 



1 



79 



149 



In 3 + 42Li3 - J In 3 + — Cs In 2 - — Cs In 3 

+ - In^ 2 - In^ 3 - 7 In 3 ln3 2 - — ln3 3 In 2 + 10 ln2 3 ln2 2 - - ln2 2 + — In^ 3 
12 6 6 8 

'1\2 



- -vr^ ln31n2 + 4Li4 



68Li4 



+ 



6 



1\ TT* 

-2 +15 



2Li2 - In^ 3 + 13Lis - ln2 - 23Li3 — ln2 



1 



L13 

2 ^ 



2 

In 3 + 23Li3 ( - 1 Vn 3 + gCa In 2 - ^Cs In 3 + In^ 2 - i In^ 3 



(F.52) 



- - In 3 In^ 2 - - ln3 3 In 2 + — ln2 3 In^ 2 + -tt^ In^ 2 + - vr^ In^ 3 - -tt^ In 3 In 2 
6 6 4 4 16 3 

-^(T)-^.^- ... (-1) - ... (1)% ^ 



+ 



+ 2352,; 



1\ 137r^ 
"2/ +T8O" 
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G ^, 2, 0; l) = ^Li2 In^ 2 + U2 In^ 3 - SLig In 2 (F.53) 

- 27Li3 (^-^j In 2 - 2Li2 In 3 In 2 + ^Lig Q) 1^3 - SLig (^-^^ In 3 - ^C3ln2 

25 3 7 17 4 

+ — C3ln3 + - ^^^2 + — In^3-71n31n32- - In3 31n2 + - In2 31n22 + -TT^ In^ 2 
24^^ 2 32 2 2 3 

-^7r2ln2 3+^7r2ln31n2-38Li4Q^ +9^4^^ -^4^^-^^ - 39Li4 (^—^ 



12 4 ' \ 21 480 



gQ,2,0,0;1^ =2Li2Q)ln2 2-Li2Q)ln2 3-6Li3Q)ln2 (F.54) 
+ 6Li3 (-^ ) ln2 + 2Li3 ( ^ ) ln3-8Li3 ( -]-] ln3 + -^Cs ln2 + ln3 + In^ 2 



2 J "V3y \ 2J 3' 6' 24 

- ^ln'^3 + ^In31n^2 + ln^31n2-ln^31n^2- ^tt^ In^ 2 - ^tt^ In^ 3 + 12Li4 | ^ 
6 3 6 4 

- i-l) - (4) - (^)^ - (4) - (4) - 1^ 

G (1 2, ^, 1; 1) = iLi2 In^ 2 + 3Li2 In^ 3 + QLig In 2 (F.55) 

- 5Li3 In 2 - ^Li3 In 3 + 3Li3 (^-0 In 3 - ^Ca In 2 - ^Ca In 3 - ^ In^ 2 

13 1 3 111 

+ — ln^3- -ln31n=^2- -In^31n2 + ln231n22 + -7r2ln22 tt^ In^ 3 + -tt^ In31n2 

16 3 2 6 48 6 



2 2 4 V2/ V3/ 6 



720 

^ '4 ^' = -'2'''' ' + (^) ' - '''''' ill ' ^^-''^ 

+ 27Li3 In 2 - Li2 In 3 In 2 + ^Li3 In 3 - llLi3 ^ In 3 + In 2 

- yC3ln3+ ^ln'^2 - ^ln'^3 + ^In31n32 + 21n331n2 - 31n2 31n2 2 - ^vr^ In^ 2 

. H.. 3 - i.^ In31n2 + 57Li4 (^) + ^ + + 70Li4 (-1) 

+ ^^Mil! _ !i:^:iizil _ lis, _ eivr^ 



2 y 720 

g(^^, 2,4,0;!^ =-2Li2Q)ln2 2-5Li2Q)ln2 3 + 17Li3Q)ln2 (F.57) 

- 5Li3 (^-^) ln2 + 6Li2 In 3 In 2 - yLi3 ln3 + 3Li3 (^-^j In 3 - ^C3ln2 

+ ln3 - — In^ 2 - - In^ 3 - - In31n3 2 + - In^ 31n2 - - In^ 31n2 2 + — tt^ In^ 2 

24 ^ 24 24 6 6 4 24 
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9 9 2 , /1\ 3Li4(i) 39Li4(-i) / 1^ 



7r^ln^3 + -7r^ln31n2- 17Li4 _ 2Li4 - 

16 3 \2j 2 4 ' 



3/ 2 4 ' V 2 y 720 

G ( ^, 1,2,0; l") = 7Li3 Q") In 2 - 4Lh (-^) In 2 - ^Lig ) ln3 (F.58) 



(1\ 8^ ^ 'i 1Q 7 7 

"2 ) ^""^ " 12^' + -Cs ln3 - - In^ 2 + - In^ 3 - - InSln^ 2 - - In^ 31n2 

+ ^ In^ 3 In^ 2 + ^tt^ In^ 2 + ^-tt^ In^ 3 - 7Li4 (l) - 8LU ^"^^ 



4 8 24 V2; V3/ 2 

477r4 



720 



G 2, 0, 1; l) = -Li2 In^ 3 + 4U3 In 2 - SLis In 2 (F.59) 

+ 2Li2 ( - ) In 3 In 2 - 2Li3 f - ) In 3 + 4Li3 f - - ) M 3 + -Cs In 2 - i^Cs In 3 + — In^ 2 



27 3 24 ' 24 

25 2 1 1 29 2 /I 

ln^3- -In31n32 + -ln^31n2 + -7r2ln22 + — 7r2ln23 - -7r2ln31n2-4Li4 - 

96 3 3 4 48 3 V2 

_ HLuli) , HiMzi) _ (4) - G)^ ^ - ^^.^ (4 

gQ,2,1,0;1^ =-3Li3Q)ln2 + 4Li3(^-l)ln2 + ^Li3Q)ln3 (F.60) 

(1 \ 3 67 111 1 

_ 3 3 h,^ 2 - h,' 3 + 2Lh f 1 V - + 9UJ-'- 



4 48 V2y2 4 V2 

352,2 (-1) ^ l^ Svr^ 

— 4^2,2 



4 V 2/ 160 

G(2, 0, 0, 1; 1) = ^C3 In 2 + 1 In^ 2 + ^TT^ ln2 2 + Li4 Q) - ^ (F.61) 

G(2, 0, 1, 0; 1) = - JCa In 2 + 1 In^ 2 - ^TT^ In^ 2 + Li4 + ^ (F.62) 
197r^ 7 

G(2,0,l,l;l) = ^--C3ln2 (F.63) 
13. , . 1, 1 9, 9. , 77r4 



G(2, 0, 1, 2; 1) = -_C3 ln2 - - In^ 2 - -tt^ In^ 2 - 4Li4 J + M ^^"^^^ 

91 1 T'tt'^ 

G(2, 0, 2, 1; 1) = - — Cs In 2 + -TT^ ln2 2 + — (F.65) 



7 1 1 / 1 \ 4 

G(2, 1, 0, 0; 1) = -C3 ln2 + — In^ 2 - — vr^ In^ 2 + Li4 ( - I - (F.66) 



4 720 

In42-l7r2ln2 , , , 

24 24 \2J 288 

G(2, 1, 0, 1; 1) = 1(3 In 2 + i In^ 2 - In^ 2 + 4Li4 - ^ (F-67) 
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G(2,l,0,2 

G(2, 1,1,0 

G(2, 1,1,1 
G(2,l,l,2 
G(2, 1,2,0 

G(2, 1,2,1 

G(2,l,2,2 

G(2,2,0,l 

G(2,2,l,0 
G(2,2,l,l 

G(2,2,l,2 

G(2,2,2,l 



^Cs In 2 + ^ In^ 2 - ^tt^ In^ 2 + 4Lu 
4 6 8 



l\ _ llvr^ 
2) ~ 240 

llTT^ 



G) 



-JC3ln2-^ln^2 + ^7r2ln2 2-2Li4( ^ ) + 
720 



360 



21 



1 



1 



— Ca In 2 - - In'' 2 + -tt^ In^ 2 - 4Li4 ( - ) + — 

a g g I r, I OH 



1\ TT^ 



-^C3 In 2 - ^ In^ 2 + ^tt^ In^ 2 - 4Lu 
-|C3ln2-lln^2 + i7r2ln22-3Li4 



2/ 24 

n IStt^ 



+ 



21 



ln2 + In* 2 - --tt^ In^ 2 + 2Li4 ( ^ 1 - ^ 



12 



24 



288 
30 
288 



vr 

480 

^Ca In 2 + ^ In^ 2 - ^tt^ In^ 2 + 2Li4 

1111 
— Ca In 2 + - In^ 2 - -tt^ In^ 2 + 3Li4 
4 8 8 



48 



1\ TT^ 

" 30 



1 



-Ca ln2 - — In* 2 + — tt^ In^ 2 - Li4 ( - ) + — 



24 



24 



IT 



90 



(F.68) 

(F.69) 

(F.70) 
(F.71) 

(F.72) 

(F.73) 

(F.74) 

(F.75) 

(F.76) 
(F.77) 

(F.78) 

(F.79) 



G. Goncharov multiple polylogarithm in terms of harmonic polylogarithms 

If we consider Goncharov polylogarithms of the form G{w{a); 1), it is sometimes possible 
to reexpress this function in terms of harmonic polylogarithms in a. In the following we 
present the identities we encountered throughout our computation. 



G.l Polylogarithms of weight one 



G(a;l) = -H{i 



G.2 Polylogarithms of weight two 



1 



G(0,a;l) = -i? 0,1; - 



G(-l,a;l)=ln2i7 -1;- + H { -1,1; - ] - H {o,l; 



G(a,0;l) =iJ 0,1; 



G{-a, -1;1) =ln2H (-1;-] +ln2 H { 1; - ] - H [0, -1 



(G.l) 

(G.2) 
(G.3) 
(G.4) 



H{l,-l;- (G.5) 
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G(a,-l;l) = -ln2H (^-1;^ -\n2H (^1;^ - H (^-1,1;^^ +H (^0,1;^ (G.6) 

G(a, 1; 1) = 1^ (o, 1; ^) + ^ (l, 1; (G.7) 

G {a^ -a; l) = H (^-1, -1;^^ - H (-1, 1; ^) - ^ (o, -1; + H (o, 1; 1 j (G.8) 

G {a^ a; l) = -H (^-1, 1; ^) - (o, -1; + H (^0, 1; ^) - (l, -1; ^) (G.9) 
+ h(i,1;- 



a 

G{-a,a;l) = -H (^-1,1;^^ (G.IO) 

G(a,-a;l) = -if(^l,-l;i^ (G.ll) 

Gia,a;l) = H(^l,l;l^ (G.12) 

G (-a, 1) = (^-1, -1; ^) + (o, -1; ^) - (o, 1; ^) (G.13) 

G (a, a2; l) = H (o, -1; ^) - ^ (o, 1; ^) + (l, 1; ^) (G.14) 
G.3 Polylogarithms of weight three 

G(0,0,a;l) = -F( 0,0,1;-) (G.15) 



a 



G(0,l,a;l) = ^7r2if(^l;i^ - if (^0, 0, 1; - if (^1, 0, 1; i j (G.16) 

G(0, a, 0; 1) = 2if 1^0, 0, 1; (G.17) 

G(0, -a, -1; 1) = In 2 if (^0, -1; ^ j + In 2 if (^0, 1; + ^Tr^if (^1; ^ j (G.18) 

-2ii- 1^0, 0, -1; - if (^0,1,-1; - if (^1,0,-1; i 

G(0,a,-l;l) = -ln2 if ^0,-1;^^ -ln2ff 1; ^) " ]^^^-^ (~"^' ^ ' ^^'"^^^ 

- if (^-1, 0, 1; ^) - (o, -1, 1; ^) + 2F (^0, 0, 1; i 

G(0, a, 1; 1) = -^TT^fi (^1; + 2if (^0, 0, 1; ^) + ^ (o, 1,1;^) (G.20) 

+ h(i,o,1;- 
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G (0, a^, -a; l) = H (^-1, 0, -1; ^ - 2H (-1, 0, 1; ^ + 2H (o, -1,-1; ^ (G.21) 

- 2H (o, -1, 1; - 4i? (^0, 0, -1; + 4i? (o, 0, 1; - 2H (o, 1, -1; ^ 
G (0, a^ a; l) = -2H ^0, -1, 1; - AH (o, 0, -1; ^ + 4H (o, 0, 1; ^ (G.22) 

- 2i? (o, 1, -1; + 2H (o, 1, 1; - 2H (l, 0, -1; -] + H (l, 0, 1; ^ 



a / \ a J \ a) \ a 

G{0,-a,a;l) = -H (o,-l,l;^ (G.23) 

G{0,a,-a;l) = -H (o,l,-l;^ (G.24) 

G{0,a,a;l) = H (o,l,l;^ (G.25) 

G (0, -a, a^- 1) = -iJ (^l, 0, -1; + 2H (^l, 0, 1; ^) + -H" (^0, -1, -1; ^ (G.26) 

+ ZH (0, 0, -1; i ) - 3i? (0, 0, 1; - 



a / \ a 



G (0, a, a^; 1) = (^0, 0, -1; - m ^0, 0, 1; ^ j + i/ (^0, 1, 1; (G.27) 
+ 2ii- (^1,0, -l;i^ -ii- (^1,0,1;^ 

G(-a,0,-l;l) = -ln2i/(^0,-l;^j - ln2i/ (^0, 1; + l^""^^ ("■^' ^ ' ^^'^^^ 

+ i7(^0,0,-l;^) +/f (^0,1,-1;^ 

G(a,0,-l;l) =ln2ff 1^0,-1;^^ + ln2J/ |^0, 1; ~ ]^^^^ ^ ' ^"^'^^^ 

+ (^0,-1,1; -F(^0,0,l;i 

G(a, 0, 1; 1) = ^'k'^H (^1; \)j - H (^0, 0, 1; ^) " ^ (o, 1, 1; ^ (G.30) 

G(-a,0,a;l) = -i? ^-1,0,1; (G.31) 

G(a, 0, -a; 1) = ^1,0,-1; (G.32) 

G(a,0,a;l) =i7 (^1,0,1;^^ (G.33) 

G (-a, 0, a^; l) = 2H (^l, 0, -1; ^ - 2H ^-1, 0, 1; ^) + ^ -1, -1; ^) (G.34) 
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G (a, Q,a^-l)=H (q, 0, -1; ^-H (q, 0, 1; ^) + (o, 1, 1; ^ 



2il 1,0,-1;- +2i/ 1,0,1; - 



G(a, 1, 0; 1) = -i? 0, 0, 1; - - 1, 0, 1; 



G(a, 1, 1; 1) = -i? 0, 0, 1; - - i7 0, 1, 1; - - 1, 0, 1; - - 1, 1, 1; 



G(-a, 1, -a; 1) = -1, -1, -1; - - -1, 0, -1; 



1 



G(-a, 1, a; 1) = -i/ -1,-1,1;- -ii- 1,-1,-1;- -i? 1,-1,1; - 



1 



+ i7 1,0,-1;- 

a 



1 



G(a,l,-a;l) = // -1,0,1;- +il -1,1,-1;- +il -1,1,1; - 



1 



1 



+ 1,1,-1; - 
a 



G{a, 1, a; 1) = -H [l, 0, 1; - J - (^1, 1, 1; 
G (-a, 1, a2; 1) =iJ (^-1,-1,-1; _ 0, -1; + H (^,-1,-1-'^ 



1 



1 



+ 0,0,-1;- -ii- 0,0,1;- + 2// 1, 0, -1; - - 1, 0, 1; 



1 



1 



G (a, 1, a^; l) = -if (^-1, 0, -1; + 2H (^l, 0, 1; ^) + ^ (^0, 0, -1; ^ 



If (0,0,1;- ) + if (0,1,1 



1 



ii 1,0,1;- -ii 1,1,1; - 



1 



G(a^O,-a;l) = ii (^-1, 0, -1; ^ j - h(q,-1,-1-^ + ii (^0, -1, 1; i 



+ H (^0, 0, -1; -^-H (^0, 0, ^\-^+H (^0, 1, -1; ^ - ^ (l, 0, -1; 
G (a^, 0, a; l) = -ii (^-1, 0, 1; ^) + (o, -1, 1; + ii (^0, 0, -1; 



1 



1 



ii 0,0,1;- +ii 0,1,-1;- -ii 0,1,1;- +ii 1,0,1; 



1 



1 



G(a^-a,0;l) = -2ii (^-1,0,-1;^^ + 2ir (^-1,0,1;^^ - H (^,-1,-1-^ 



1 



1 



+ ii 0,-1,1;- +3ii 0,0,-1;- -3ii 0,0,1;- +ii 0,1,-1;- 



1 



1 



+ ii 1,0,-1;- 
a 



G (a^ a, 0;1)=H (^-1, 0, 1; ^) + (o, -1, 1; ^) + SH (o, 0, -1; (G.47) 
- 3ii- fo, 0, l;-)+H (o, 1, -1; -) - H (o, 1, 1; + 2H (l, 0, -1; - 



a 

2H [1,0,1; - 
a 



G (a^ -a, 1;1)=H (-1, -1, -1; - H (-1, -1, 1; ^) - (-1, 0, -1; ^) 
+ ("-1,0,1; -V^^f-l.l^-l; -1-2^^ (o,-l,-l;-)+2H (o,-l,l;- 



(G.48) 



+ 3i/ (0,0,-l;i ) -3H (0,0,1;- ) + 2H (0,1,-1;- ) -h(o,1,1;- 
\ a J \ a J \ a J \ a 

- H (^1,-1,-1;^^ + H (^1,0,-1;^ 

G {a\ a, 1;1)=H (^-1, 0, 1; ^) + (-1, 1, ^'l)-^ -1' I) (^-49) 
+ 2H (0, -1, 1; - ) + 3H ( 0, 0, -1; - ) - 3H ( 0, 0, 1; -] + 2H ( 0, 1, -1; - 



-2H (0,1,1;-) +i/('l,-l,l;i') +i7 ("1,0,-1;-) -h(i,0,1;- 
\ a J \ a J \ a J \ a 

+ H (l,l,-l;^ - H (l,l,l;^ 
G{a\a\-a;l)=H {^-1,-1,-1;'^ -H 1^-1,-1,1;^ -H (^-1,1,-1-,^ 
+ H (-1, 1, 1; - V ^ f 0> -1> -1; - V ^ f 0, -1, 1; -) + ^ i^^ -1? - 



(G.50) 



-iJ-(^0,l,l;i^ -Ji- (^1,-1,-1; +h{i,-1,1;'^ + H (i,{),-1;^ 
-h(i,{),1;^ +h(i,1,-1;^ 
G {a\a\a; l) = -H (-1, -1, 1; ^) - (-1, 0, -1; ^) + ^ (-1, 0, 1; ^) (G.51) 
- H (^-1, 1, -1; l^+H (^-1, 1, i;l^-H (0, -1, -1; + H (^0, -1, 1; ^ 

+ H (0, 1, -1; l)-H (0, 1, 1; ^) - ^ (1, -1, -1; (i' -1' 1; I 



+ i7 1,1,-1;- -iJ 1,1,1 



G {a\ -a, -a; l) = H (^-1, -1, -1; ^) - ^ (-1, -1, ^) " ^ ("1' 0' ^) (G-52) 

+ H ( -1,0,1;-) - H ( -1,1,-1; -) - H (0,-1, -1;-] +h(o,-1,1;- 



+ i7 (0,0,-1; - ) - iJ( 0,0,1; - ) + H [0,1,-1; H ( 1,-1,-1; - 
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G{a\-a,a;l)=-H (-1,-1,1;^^ - h (-1,0,-1;^^ + H (-1,0,1;^^ 
-h(-1,1,-1;^\ +h( -1,1,1; + H (o, -1,1;^^ +h(o,0,-1;^ 



H [0,0,1;-] +H [0,1,-1 



1 



G (a^ a, -a; l) = -H [ -1, 1, -1 



+ H [0,0,-1;-] - H [0,0,1 



1 



-H [0,1,1;-] +H [1,-1,1;- 
a \ a I \ a 



-\-H (o, -1, -1; -\+H (o, -1, 1; - 
a J \ a J \ a 

-\+H (o, 1, -1; -\-H (l, -1, -1; - 
a I \ a I \ a 



+ H [1,0,-1;^ -H [1,0,1;^ +H[1,1,-1;^ - H [i,1,1;^ 
G {a\-a,a^ ;1) = H (^-1,-1,-1;-^ - H (^-1,-1,1;-^ - H 1^-1,0,-1;-^ 
+ h(-1,0,1;-\ - H ( -1,1,-1; -\ - H ( 1,-1,-1; -\ - H ( 1,0,-1; - 



+ H[1,0,1; 



1 



H\1AA-- 



G{a, a, 0; 1) = -H (o, 1, 1; ^) - ^ (l, 0, 1; ^ 
G(-a, -a, 1;1)=H (^-1, -1, -1; - H (o, -1, -1; ^ 
G{-a,a,l;l)=H (^-1,0,1;^^ + H (^-1,1,1;^^ + H (^0,-1,1;^ 

+ h(i,-1,-1;-) +h(i,-1,1;-)-h(i,0,-1;- 
Gia, -a, 1; 1) = -H (-1, 0, - H (^-1, 1, -1; - H (^-1, 1, 1; ^ 

+ ^0,1,-1;^^ -h(i,-1,-1;^^ +h(i,0,-1;^ 



(G.53) 



(G.54) 



+ 77(1,-1,1;-) +h(i,0,-1;-] -h(i,0,1;-) +h(i,1,-1;- 
G (a^ a, a;l)=H (^-l, 1, 1; ^) + ^ (o, -1, 1; ^) + ^ (o, 0, -1; ^ (G.55) 
-h(o,0,1;^] + H (o,1,-1;^\ - H (o,1,1;^] +h(i,-1,1;^ 



(G.56) 



G (a^ a, a^; l) = H (-1, 0, -1; - H (^-1, 0, ^l^^+H (^-1, 1, 1; ^ (G.57) 
+ h(i,-1,1;^\ + H ( 1,0,-1;^) - H (i,0,1;^\ +h(i,1,-1;^ 



(G.58) 
(G.59) 
(G.60) 

(G.61) 
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G{a, a, 1; 1) = -H { 0, 1, 1; ^) - ^ (l, 1,1;^) (G-62) 



G {-a, a^O; l) = -H (^-1, 0, -1; ^ j - 2H (o, -1, -1; ^ j - 4H (o, 0, -1; 



+ 4// ( 0,0,1;- 
a 



-H{1,0,1;- 
a 



G {-a, 1-1) = H (^-1,-1,-1;^^ + H (^-1,0, -1;^^ - H (^-1,0,1;^^ 
-h(o,-1,-1;-] -h(o.-1,1;-] ( 0,0, -1;-] + 4H (o,0,l;- 



a J \ a J \ a J \ a 

-h(o,1,-1;^^ +H (o,1,1;^^ -2H (^1,0,-1;^^ +H (^1,0,1;^ 

G {a, a\ l;l)=H {^-l, 0, -1; ^ - 2H (^-l, 0, 1; ^) + ^ (o, -1, -1; i j 

- H (o, -1, 1; - AH (o, 0, -1; + AH (o, 0, 1; - V ^ f 0, 1, -1; ^ 



a J \ a J \ a J \ a 

- H (o,l,l;^ - H (l,0,-l;^ + H (l,0,l;^ - H 

G {-a,a\-a;l) = H (^-1,-1,-1;^ + H l^-l,0,-l;-^ - H l^-l,0,l;^ 

- H (o, -1, 1; - 2H [o, 0, -1; ^ + 2H [o, 0, 1; ^) " ^ (o, 1, -1; ^ 
G{-a,a\a;l)=-H (^-1,-1,1;!^ - h (o,-l,-l;^ - H {o,-l,l;^ 

- 2H (o, 0, -1; + 2H (^0, 0, 1; ^) - ^ (o, 1,-1;^ +H (o, 1, 1; i 
-i? (^1,-1,-1; - H - H [l,0,-l;-^ + H [l,0,l--^ 

G {a, a\-a;l) = H (^-1,0,-1;^ - H (^-1,0,1;^ + H (^-1,1,-1;^ 
+ H (-1, 1, l;-\+H (o, -1, -l;-\-H (o, -1, 1; -\ - 2H (o, 0, -1; ^ 



a J \ a J \ a J \ a 



(G.63) 



G (a, a^ 0; l) = -4i7 ^0, 0, -1; ^) + (o, 0, 1; ^ - 2H (o, 1, 1; ^ j (G.64) 



(G.65) 



(G.66) 



(G.67) 



(G.68) 



(G.69) 



a J \ a J \ a J \ a 

+ 2H (o,0,1;^^-h(o,1,-1;^^ - H (^0,1,1;^^ + H (^1,1,-1;^ 

G [a, o^ a; l) = -H (o, -1, 1; ^ - 2H (o, 0, -1; ^) + (o, 0, 1; ^ (G.70) 

-h(o,1,-1;-)-h(i,0,-1;-) + H ( 1,0,1; -)- H ( 1,1,1; - 



-63- 



G {-a,a'',a'';l) = H (-1,-1,-1;^^ + H (^-1,0,-1;^^ - H (^-1,0,1; (G.71) 
+ H (o, -1, -1; -)-H (o, -1, 1; - V ^ (^^ 1> -1; -) + H (o, 1, 1; - 



G (a, a^, a^; l) = H (^0, -1, -1;^^ - H ^0, -1, 1; - (^0, 1, -1; (G.72) 



G{-a, -a, a; 1) = -H [ -1, -1, 1; 



1 



G(-a, a, -a; 1) = ~H [ -1, 1, -1; - 

a 



G{-a,a,a;l) = H 



G{a, -a, -a; 1) = -H { 1, -1, -1; - 



G{a,-a,a;l) = H (^1,-1,1; - 
G(a,a,-a;l) = H (1,1,-1; 



G(a,a,a;l) = -H 1,1,1; 



G{-a,-a,a^;l) = H {^1,-1,-1-^ + H (^,-1,-1;^ + (^0, 0, -1; i 



-^0,0,1;- 

a 



+ 1,-1,1;^ j + /fM, 0,-1;^ j - //M, 0,1;^ 



G{a,-a,a^-l)=-H (^-1,0,-1;^^ + (^-1, 0, 1; - (^-1, 1, -1; ^ j 
-lff-1,1,1;-) f 0,0,-1;-) -ii'fo,0,l;-) +if fo,l,l;- 



-ij(l,-l,-l;^^ (^1,0,-1; + H 
G (a, a, l) = if (^0, 0, -1; (^0, 0, 1; ^) + ^ (^0, 1, 1; ^ 



(G.73) 
(G.74) 
(G.75) 
(G.76) 
(G.77) 
(G.78) 
(G.79) 
(G.80) 



G(-a,a,a2;l) =ii- (^-1,0,-1; -ff (^-1,0,1; + H (^-1,1,1-^ (G.81) 

+ if('o,-l,-l;i') +if ('o,0,-l;i') - H + H 



(G.82) 



(G.83) 
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G.4 Polylogarithms of weight four 

G(0, 0, 0, a; 1) = -H (o, 0, 0, 1; ^ (G.84) 

G(0, 0, 1, a; 1) = (^H (^1; - H (^0, 0, 0, 1; ^) - ^ (l, 0, 0, 1; (G.85) 

G{0, 0, -a, 0; 1) = -3H (o, 0, 0, -1; ^ (G.86) 

G(0, 0, a, 0; 1) = SH (o, 0, 0, 1; ^ (G.87) 

G(0,0,-a,-l;l) = In 2ij( 0,0,-1; -) + In2i7 ( 0, 0, 1; - ) + ^Cs^? ( 1; - ) (G.88) 



+ ^T^^H (^0, 1; - 3// (^0, 0, 0, -1; ^j-H (o, 0, 1, -1; l]-H (^0, 1, 0, -1; ^ 
1 



G{0,0,a,-l;l) = -ln2H (o,0,-l;^ - ln2if ^0,0, 1; -^(aH (^-1;^ (G.89) 
- ^^^H (^0, -1; ^) - ii" (-1, 0, 0, 1; ^) - (o, -1, 0, 1; ^) - ^ (o, 0, -1, 1; ^ 
+ 3H (^0,0,0,1;^ 

G(0, 0, a, 1; 1) = -(^H (^1; ^ J - ^tt'^H (^0, 1; ^ J + 3H ^0, 0, 0,1;^) (G.90) 

+ H (o,0,l,l;l^ +h(o, 1,0,1;^^ +H (^1,0,0,1; I 
G (0, 0, -a; l) = 3H ^-1, 0, 0, -1; ^ j - 4i? ^-1, 0, 0, 1; ^ (G.91) 



+ 2H 1^0, -1, 0, -1; - j - (^0, -1, 0, 1; - J + \^0, 0, -1,-1; 
- 4i? (o, 0, -1, 1; - 12i? (o, 0, 0, -1; + 12i? |^0, 0, 0, 1; ^ - AH 0, 1, -1; ^ 
G (0, 0, a^, a; l) = -4iJ ^0, 0, -1, 1; i j - 12F ^0, 0, 0, -1; ^ (G.92) 
+ 12H (0, 0, 0, 1; - ) - AH (0, 0, 1, -1; -] + AH ( 0, 0, 1, 1; -] - AH ( 0, 1, 0, -1; - 



+ 2^/(0,1,0,1;-^ - AH (^1,0,0,-1;^^ + 3i? (^1,0,0,1;^ 

G(0, 0, -a, a; 1) = -i? ( 0, 0, -1, 1; i j (G.93) 

G(0, 0, a, -a; \) = -H [ 0, 0, 1, -1; ^ (G.94) 

G(0,0,a,a;l) =i? ( 0,0,1, 1;- ) (G.95) 
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G (0, 0, -a, a^; 1) = (^-1, 0, 0, -1; ^ + 4/7 (^-1, 0, 0, 1; ^ 
- H (^0, -1, 0, -1; ^ j + 2H -1, 0, 1; ^) + ^ (o, 0, -1, -1; ^ 
+ 7ii'( 0,0,0,-1;- ) -7/7 (0,0,0,1 ^ 



(G.96) 



a / \ a 



G (0, 0, a, a^; l) = 7/7 (q, 0, 0, -1; - 7i7 (q, 0, 0, 1; + i7 0, 1, 1; ^ (G.97) 

+ 2/7 (^0, 1, 0, -1; - 77 (^0, 1, 0, 1; ^ + 477 (^1, 0, 0, -1; - 377 (l, 0, 0, 1; ^ 

G(0, 1, 0, a; 1) = ^n^H 1; ^) " ^ (o, 0, 0, 1; ^) " (o, 1, 0, 1; ^ (G.98) 

G(0, 1, 1, a; 1) = -C,^H (l; ^) + ^^'^ (o, 1; ^) + ^^r^// (^1, 1; (G.99) 

-7/(^0,0,0,1;^^ -7/(^0,1,0,1;^^ - // (^1, 0, 0, 1; - // (^1, 1, 0, 1; ^ 

G(0, 1, a, 1; 1) = -^TT^// (^0, 1; ^ - ^tt^// (^1, 1; i j + 377 (^0, 0, 0, 1; ^ (G.lOO) 

+ 7/(^0,0,1,1;^) +2// (^0,1,0,1;^) +3// (^1,0,0,1;^) + // (^1, 0, 1, 1; ^ j 

+ 2H fl, 1,0,1; - 

G(0, 1, a, a; 1) = -^tt^// (^1, 1; ^) + ^ fo, 0, 1, 1; - V ^ fl' 0' 0. 1; - ) (G-101) 

+ // fi, 0,1,1; -V^fi>i>o>i; - 



G(0, -a,0,-l;l) = -21n2// 0,0, -1; - - 21n2// 0,0, 1; - (G.102) 



+ ^TT^H (^0, -1; - ^TT^// (^0, 1; + 3/7 (^0, 0, 0, -1; ij + 277 (^0, 0, 1, -1; i 
+ 7/(^0,1,0,-1;^ 

G(0,a,0,-l;l) = 21n 2// ( 0, 0, -1; - ) + 2 In 2// ( 0, 0, 1; - ) (G.103) 



+ -^TT^// (0, -1; - ) - -^TT^// (0, 1; - ] + // (0, -1, 0, 1; -] + 2H ( 0, 0, -1, 1; i 



12 V ' a/ 12 
1' 



-3// 0,0,0,1; 
V « 

G(0, a, 0, 1; 1) = ^vr^// f 0, 1; ^ - 3H (o, 0, 0, 1; ^) - 2// (o, 0, 1, 1; 7 ) (G.104) 
-/7(^0,l,0,l;i 

G(0, -a, 0, a; 1) = -H ( 0, -1, 0, 1; - ) (G.105) 
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G(0, a, 0, -a; 1) = -H (o, 1, 0, -1; ^ (G.106) 

G(0, a, 0, a;l) =H (o, 1, 0, 1; (G.107) 

G (0, -a, 0, a^; l) = (^0, -1, 0, -1; ^ + 2H (o, 0, -1, -1; ^ j (G.108) 
+ 4iJ ( 0, 0, 0, -1; - ) - 4H (0, 0, 0, 1; - 



G (O, a, 0, a^; l) = 4i? |^0, 0, 0, -1; - (o, 0, 0, 1; ^ + 2H (o, 0, 1, 1; ^ (G.109) 
+ H (o,l,0,l;^ 

G(0, a, 1, 0; 1) = 2CsH ( 1; -) - 3H (o, 0, 0, 1; - V ^ f 0' 1' 0' 1; - ) (G-HO) 
-2il (l,0,0,l;i 

G(0, a, 1, 1; 1) = C3H (^1; ^) + ^tt^H (^0, 1; ^ j + ^tt^H (^1, 1; (G.lll) 

-3H (0,0,0,1;^^ -2H (^0,0,1,1;^) -2iJ (^0, 1, 0, 1; ^) - i7 (^0, 1, 1, 1; ^ 

-2il (^1,0,0,1; -Ji- (^1,0, 1,1;^^ - ii" (^1, 1, 0, 1; i 

G(0, a, 1, a; 1) = ^Tr^if (^1, 1; ^) - ^ (o, 1, 0, 1; ^) " (o, 1, 1,1;-] (G.112) 

-3H (^1,0,0,1;^^ - H (^1,0,1,1;^^ -2H (l, 1,0,1;^ 

G (0, -a, 1, a^; 1) = iTT^if (^-1, -1; ^) - ^^r^if (^-1, 1; (G.113) 

- Itt^H (1, -1; -] + 3if -1, 0, -1; -] - 2H ( -1, -1, 0, 1; - 



a 

+ H (^-1,0,-1,-1;^ -6H (^-1,0,0,-1;^^ + 4H (^-1,0,0,1;^ 
-2H (^-1,1,0,-1;^^ +2ii- (^-1,1,0,1;^^ + H (^0,-1,-1,-1;^ 
- 2i7 (^0, -1, 0, -1; + 2if (^0, -1, 0, 1; + 2H (o, 0, -1, -1; ^ 
+ 4H (0, 0, 0, -1; - m (0, 0, 0, 1; + 2// (^0, 1, 0, -1; (^0, 1,0, 1; ^ 

-2if(l,-l,0,-l;- ) +2J/ (1,-1,0,1;- ) + bH (1,0,0,-1;- ) - 3H (1,0,0,1;- 
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G(0,a,l,a2;l) =-^7r2i7(^-l,l;^) -^TT^i? +^7r2i7(^l,l;i^ (G.114) 

-3H (-1,0,0,-1;^ j +5H ( -1,0,0,1;^] - 2H ( -1,1,0,-1;^ 



+ 2H (-l,l,0,l;i ) - H (0,-1,0,^1: -] +2H (0,-1,0,1;^ 
\ a J \ a J \ a 

+ m (o, 0, 0, -1; ^) - (o, O, O, l; + 2H (o, 0, 1, 1; + 2H (o, 1, 0, -1; ^ 
-2H fo, 1,0,1;-^ -H (o,l,l,l;-) - 2H ( 1,-1,0,-1; -) +2H ("1,-1,0,1; 



+ AH (^1, 0, 0, -1; ^ j - 6H (^1, 0, 0, 1; ^) " ^ (l, 0, 1, 1; ^) + 2H (^1, 1, 0, -1; ^ 
-3H (^1,1,0,1;^ 

G (O, 0, -a; 1) = H (o, -1, 0, -1; ^ + 2i? |^0, -1, 0, 1; ^ (G.115) 
- 4.H (o, 0, -1, -1; ^ + AH ^0, 0, -1, 1; ^ j + (o, 0, 0, -1; ^ j - 6i? ^0, 0, 0, 1; ^ 
+ 4iy (0,0,1,-1; -) -2i? (0,1,0,-1; ^ 



a / \ a 



G (0, a^, 0, a; l) = -2H -1, 0, 1; ^ + 4i? |^0, 0, -1, 1; ^ (G.116) 
+ m (0, 0, 0, -1; i ) - QH (0, 0, 0, 1; i ) + 4i7 (0, 0, 1, -1; - ) - AH (0, 0, 1, 1; - 



+ 2/7 ( 0,1,0,-1;- ) +i?(0, 1,0,1;- 



G (O, -a, 0; l) = -QH (^1, 0, 0, -1; ^ + m (^1, 0, 0, 1; ^ (G.117) 

- 5i7 (0,-1,0,-1: i) +6if (0,-1,0, 1;- I - 4i7 ( 0, 0, -1, -1; i 



+ 4iJ ( 0, 0, -1, 1; i j + im ^0, 0, 0, -1; ^ j - 18iJ ^0, 0, 0, 1; ^ 
+ 4i7 ( 0, 0, 1, -1; ^ j + 2H U, 1, 0, -1; ^ 



G (O, a^, a, 0; l) = 2H ^0, -1, 0, 1; i j + 4if ^0, 0, -1, 1; ^ (G.118) 
+ im (0,0,0,-1;-) -im (0,0,0,1;- ) +AH (0,0,1,-1;- ) - AH (0,0,1,1;- 



+ m ( 0,1,0,-1;- ) -5i7 ( 0,1,0,1;- ) + 8iJ ( 1,0,0,-1; -]- QH [1,0,0,1; - 
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G (0, a^ -a, 1; l) = —tt^H (-1, -1; - ^tt^H (^0, -1; ^) 



(G.119) 



1 



1 



1 



1 



-2ii- ( -1,0,0,-1;- ) +4// ( -1,0,0,1; 



1 



+ 2H[0, -1, -1, -2H[ 0, -1, -1, 1; 



+ qT^'H (^0,1; -J -2i?l -1,-1,0,1;- ) + ( -1, 0, -1, -1; - 
-2H (^-1,0,-1,1 
-2i7 (^-1,0,1,-1 
-5i? ^0,-1,0,-1 

- 8H ^0,0,-1,-1: 

- 18H (0, 0, 0, 1; i ) + ( 0, 0, 1, -1; - ) - 4i7 I 0, 0, 1, 1; - 



1 



+ 6H {0,-1,0,1; - ) -2H {0,-1,1,-1 



1 



1 



- + 0, 0, -1, 1; - + 18H 0, 0, 0, -1; - 



1 



1 



1 



2H {0,1,-1,-1;- +4ii- 0,1,0,-1;- - 21/ 0,1,0, 1;- 



1 



G (0, a, 1; l) = -^n^H (^0, -1; ^ j + ^n^H (^0, 1; - ^n^H (^1, 1; ^ j (G.120) 



2H {0,-1,0,-1;-] +4i7 10,-1,0,1;- 1 + 2H { 0, -1,1,1; 



1 



1 



-4H 0,0,-1,-1; - +8i? 0,0,-1,1; - + 18H 0,0,0,-1; 



1 



1 



1 



- 18H 0, 0, 0, 1; - + Sif 0, 0, 1, -1; - ] - 8H { 0, 0, 1, 1; - + 2F 0, 1, -1, 1; 



1 



1 



1 



1 



+ 6i7 0,1,0,-1;- -5H {0,1,0,1;-] + 2H { 0,1,1,-1; - ] - 2iJ 0, 1, 1, 1; - 



1 



1 



+ 2H{ 1,0,-1,1;- +4:H{ 1,0,0,-1;- - 2H { 1,0,0,1;- +2H{ 1,0,1,-1;- 



1 



1 



1 



il 1,0,1,1;- +2i^ 1,1, 0,-1;- 



1 



G(0,a^a^-a;l) = -H (^-1,-1,0,-1; ^ +2H (^-1,-1,0,1; ^ 



(G.121) 



1 



1 



+ AH {-1,0,0,-1;- -AH {-1,0,0,1;- +2H{ -1,0,1,1; 



1 



+ 2H{0, -1, -1,-1;-] -2H { 0, -1, -1, 1 



1 



2if 0,-1,1,-1; 



1 



+ 2H (^0,-1,1,1 
+ AH (^0,0,1,-1 
+ 2H (0,1,-1,1 



1 



1 



-AH 0,0,-1,-1;- +AH 0,0,-1,1; 



1 



- -4iJ 0,0,1,1;- -2iJ 0, 1,-1,-1; - 



1 



1 



- +2i/ 0,1,0,-1;- -2ii- 0,1,0,1;- +27/ 0,1,1,-1;- 



1 
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G (0, a^ a; l) = -2H (q, -1, -1, 1; ^ - 2H (o, -1, 0, -1; (G.122) 
+ 2H (o, -1, 0, 1; i j - 2H (o, -1, 1, -1; + 2H (o, -1, 1, 1; ^ 
-4i7 (^0,0,-l,-l;i^ +4^7 ^0,0,-1,1;^^ +4// (^0,0,1,-1;^ 
- 4H (o, 0, 1, 1; ^) - (^0, 1, -1, -1; ^) + 2H (^0, 1, -1, 1; ^ 



2i? 1,0,-1,-1; 
a/ \ a 

- 2// (^1, 1, 0, -1; l^+H (^1, 1, 0, 1; 
l)-4il(-l,-l,0,l;i) (G.123) 



+ 2H (^0,1, 1,-1; -J -2i? (^0,1,1,1 

- 4H (^1, 0, 0, -1; ^) + (^1, 0, 0, 1 
G (0, a^ -a, a^; l) = 2H ^-1, -1, 0, -1 

+ H (^-1,0,-1,-1;^^ -2H (^-1,0,-1,1;^^ -7H (^-1,0,0,-1;^ 
+ 7H (-1,0,0,1;-) -2H ("-1,0,1,-1;-^ + 2i/ fo, -1, -1, -1; - 

- 2H (o, -1, -1, 1; ^ - 2H (o, -1, 0, -1; ^ + 2H (o, -1, 0, 1; ^ 

- 2H (o, -1, 1, -1; - 2H (o, 1, -1, -1; - 2H (o, 1, 0, -1; i 
+ 2i7 (^0,1,0,1;^ 

G (0, a^ a, a^; 1) = 2if (^0, -1, 0, -1; ^) - (o, -1, 0, 1; (G.124) 
+ 2H (0, -1, 1, 1; - ) + 2H ( 0, 1, -1, 1; - ) + 2H (o, 1, 0, -1; - 



2H I 0, 1, 0, 1; -] + 2H (o, 1, 1, -1; -] - 2H f 0, 1, 1, 1; - 



a 



+ 2H (1,0,-1,1;-] +7H [1,0,0,-1;-] - 7H (1,0,0,1; ^ 



a 

+ 2H (l, 0, 1, -1; ^^-H (l, 0, 1, 1; + AH (l, 1, 0, -1; ^ 
-2H (l, 1,0,1;^ 

G(0, a, a, 0; 1) = -2H (o, 0, 1, 1;^ - H (o, 1, 0, 1; ^ ) (G.125) 

G(0, a, a, 1; 1) = -^tt^H (l, 1; ^) - 2H (o, 0,1,1;^ ]- H [0,1,1,1; ^ ] (G.126) 



+ 2H ( 1,0,0,1; i) l,l,0,l;i 
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G (0, -a, a^ 0; l) = 6iJ (^-1, 0, 0, -1; ^ - 8H ^-1, 0, 0, 1; ^ (G.127) 
+ H (o, -1, 0, -1; i") - 4ii- f 0, -1, 0, 1; ^) - 4H (o, 0, -1, -1; ^ 



18H ( 0, 0, 0, -1; ^ j + 18H (o, 0, 0, 1; ^ 



G (0, a, a^ 0; l) = -18H (o, 0, 0, -1; ^ + 18i7 (^0, 0, 0, 1; ^ (G.128) 



-AH [0,0,1,1;^^ -AH (^0,1,0,-1;^^ + ii" (^0, 1, 0, 1; ^ 
-8i? ( 1,0,0,-1;- ) +6i7 (1,0,0, 1; - 



G (0, -a, 1; l) = -^Tr^ii- (^-1, -1; + iTT^i? (^-1, 1; (G.129) 



- 3H (^-1, -1, 0, -1; + 4// (^-1, -1, 0, 1; ^) - ^ (-1, 0, -1, -1; ^ 
+ 2H (-1,0,-1,1;-) +11H ( -1,0,0,-1;- ) - IIH ( -1,0,0,1; ^ 



a 



+ 2i? ( -1,0, 1,-1; - 2H (^-1,0,1,1;^^ +2H (^-1,1,0,-1;^ 
-2if( -1,1,0,1;- ) +i/ (0,-1, -1,-1; + 5H (^0,-1,0,-1;^ 
-7i7 (0,-1,0, l;^j -i7 (^0,0,-1,-1; - 3H (^0,0,-1,1;^ 
ISil ( 0, 0, 0, -1; ^ + 18H (o, 0, 0, 1; ^ - 3H (o, 0, 1, -1; ^ 
+ 3H(0, 0, 1, 1; -] - AH (0, 1, 0, -1; ^ ) + 3H ( 0, 1, 0, 1; - 



+ 2H (^l,-l,0,-l;i) -2// (^1,-1,0,1;^^ (^1,0,0,-1;^ 

+ 3i/ ( l,0,0,l;- 
\ a 
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G (0, a, a^, 1; l) = ^n^H (-1, 1; + ^tt'^H (o, -1; 



1 



1\ 1 



1 \ 1 



-tt'H 0, 1; - + -tt'H 1, -1; - - -n'H 1, 1; - 



6 



+ 3H ( -1, 0, 0, -1;^] -5H { -1, 0, 0, 1 



2iJ( -1,1,0,1;- ) +3/f ( 0,-1,0,-1 



+ 5H ( 0,0,-1,-1; - ) - 3i? ( 0,0,-1,1 



1 



+ 2//( -1,1,0,-1; 
4iJ I 0,-1,0,1;- 



1 



1 



- 18H 0,0,0,-1; 



1 



+ 18H 0, 0, 0, 1; - -3H [ 0, 0, 1, -1; - - if 0, 0, 1, 1; - 



-7iJ 0,1,0,-1;- +5i7 0,1,0,1;- -iJ 0,1, 1,1;- 



1 



1 



+ 21i- 1,-1,0,-1;- -2ii- 1,-1,0,1;- + 2ff 1, 0, -1, -1; - 



1 



1 



1 



2H{ 1,0,-1,1;- )-llH{ 1,0,0,-1;- + im 1,0,0,1;- 



1 



2iJ 1,0,1,-1;- +iJ 1,0,1,1;- -4i/ 1,1,0,-1; 



+ 3H 1,1,0,1; 



1 



1 



-/f -1,0,-1,-1;- +2i/ -1,0,-1,1;- + 3i/ -1, 0, 0, -1; - 



1 



1 



1 



Sif -1,0,0,1;- +2Ji- -1,0,1,-1;- - 2ff -1, 0, 1, 1; - 



1 



+ h(o, -1,-1,-1; - 



H [0,-1,0,-1;^] -H [0,-1,0,1;- 



1 



+ 3iJ 0,0,-1,-1;- ] -SH [ 0,0,-1,1;- ) - SH { 0,0,1,-1; 



1 



+ 3H 0,0,1,1; 



G (O, a, 0^,0?^; l) = m (o, 0, -1, -1; ^ j - m (o, 0, -1, 1; ^ j 



-3iJ( 0,0,1,-1;- ) +3/f ( 0,0,1,1;- ) - ( 0, 1, 0, -1; 
+ i7 (0,1,0,1; - ) - ill 0,1,1,1; - ) + 2if I 1, 0, -1, -1; - 



1 



1 



(G.130) 



G (0, -a, a^,a^; l) = -H {^1, -1, 0, -1; ^ j + 2B. {^1, -1, 0, 1; ^ j (G.131) 



(G.132) 



2H 1, 0, -1, l;-\-m\l,0, 0, -l;-\^m\ 1, 0, 0, 1; - 



2/7 ( 1,0,1,-1;- ) + 1,0,1, l;i ) -2if( 1,1,0,-1;- ) + 1,1,0,1; - 
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G(0, -a, -a, a; 1) = -i? 0, -1, -1, 1; - 



G(0, -a, a, -a; 1) = -i? ( 0, -1, 1, -1; - 



1 



G(0,-a,a,a;l) = H 0,-1,1,1; 



G(0, a, -a, -a; 1) = -H ( 0, 1, -1, -1; 



G{0,a,-a,a;l) 0,1,-1,1; 



G(0, a, a, -o; 1) = H (0,1, 1, -1; - 



G(0, a, a, a; 1) = -H { 0, 1, 1, 1; ^ 

G(-a,0,0,-l;l) = ln2i/ ( 0, 0, -1; ^ j +ln2i? fo,0,l;^j + ^Ca^^" 



1 

-1;- 

a 



1 



1 



1 



G(a, 0,0,-l;l) =-ln2iJ (^0,0,-1;^^ -\n2H (^0,0,1;^^ - ^CsH 

+ ^TT^ij (^0, 1; ^) - ^ (o, 0, -1, 1; ^) + (o, o, o, i; ^ 

G{a, 0, 0, 1; 1) = C3H (l; - ^tt^H (o, 1; ^) + ^ (o, 0, 0, 1; ^ 



+ if 0,0,1,1;- 
a 



1; 



G(-a,0,0,a;l) = -H ( -1,0,0,1; - 



G(a, 0, 0, -a; 1) = -H { 1, 0, 0, -1; - 

a 



G(a, 0,0, a; 1) =ii 1,0,0,1; 



G(-a,0,0,a^;l) = 4H (^-1,0,0,-1;^^ - 4ii (^-1,0,0,1;^^ 
+ 2/i (^0,-l,0,-l;i^ -2i/ (^0,-l,0,l;ij + if (^0, 0, -1, -1; ^ 
+ H (0, 0, 0, -1; ^^-H (0, 0, 0, 1; ^ 
G(a, 0, 1, 0; 1) = -2C3ii (l; ^) + ^ (o> 0, 0, 1; ^) + (o, 1, 0, 1; ^ 
G(a, 0, 1, 1; 1) = -Csif (^1; ^) + ^ 0> 0' (°' °' ^' ^' ^ 

+ if To, 1,0,1; ^"J + ii To, 1, 1, 1; ^ 



(G.133) 
(G.134) 
(G.135) 
(G.136) 
(G.137) 
(G.138) 
(G.139) 
(G.140) 

(G.141) 

(G.142) 

(G.143) 
(G.144) 
(G.145) 
(G.146) 



(G.147) 
(G.148) 
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G(a, 0, 1, a; 1) = ~'k''H (l, 1; ^ + 2H (^0, 1, 0, 1; ^) + (o, 1, 1, 1; (G.149) 
+ 2H (^1,0,0,1;^^ +H (^l,0,l,l;l^ +2H (l, 1,0,1;^ 

G {-a, 0, 1, a^; 1) = -^tt^H (^-1, "1; ^) + ^vr^i/ (^-1, 1; 1 j (G.150) 
+ ^^H (^1, -1; - 4H (-1, -1, 0, -1; ^) + (^-1, -1, 0, 1; ^ 
-21i- (^-1,0, -1,-1;^^ +4H (^-1,0,0,-1;^^ - (^-1,0,0,1;^ 
+ 2// (^-1,1,0,-1;^^ -2// (^-1,1,0,1;^^ - (^0, -1, -1, -1; ^ 
+ 5H (o, -1, 0, -1; - 4/7 (^0, -1, 0, 1; ^) + (o, 0, -1, -1; ^ 
+ /f (^0, 0, 0, -1; ^) - -H" (^0, 0, 0, 1; - 2H (o, 1, 0, -1; ^ 
+ iJ-(^0,l,0,l;^^ + 2H (^l,-l,0,-l;i) - 2i/ (^1,-1,0,1;^ 
+ 2H (^1, 0, -1, -1; l^-H (^1, 0, 0, 1; ^ 

G (a, 0, 1, a2; 1) = ^Tr^i? (^-1, 1; + ^n^H (l, -1; ^) - ^^r^lf (^1, 1; (G.151) 
-i7 (^-1,0, 0,-1; - 2H (^-1,0,1,1; +2i? (^-1,1,0,-1;^ 

- 2/7 (-1, 1, 0, 1; ^) + (o, -1, 0, -1; - 2H (o, -1, 0, 1; ^ 
+ 1/(^0,0,0,-1;^^ - (^0, 0, 0, 1; + If (^0, 0, 1, 1; ^ 

- 4H (o, 1, 0, -1; + 5i/ (^0, 1, 0, 1; ^) + ^ (^0, 1, 1, 1; i 
+ 2iJ (^1, -1, 0, -1; - 2H (^1, -1, 0, 1; - 3iJ (^1, 0, 0, -1; ^ 
+ 4i/(^l,0,0,l;i^ +2i/ (^1,0,1,1;^^ - 4// (^1,1,0,-1;^ 
+ 4i/ (l, 1,0,1;^ 

G(a, 0, a, 0; 1) = -H (o, 1, 0, 1; ^ - 2H (l, 0, 0, 1; ^ ) (G.152) 
G(a,0,a,l;l) =^7r2i?(l,l;^) -il (^0,1,0,1;^J -3iJ(^l,0,0,l;^ ) (G.153) 
-2H ('1,0,1,1;^') -2H (1,1,0,1;^ 
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G {-a, 0, a", 1; l) = ^tt^H (-1, -1; ^) - ^^r^^ (-1, 1; ^) (G.154) 
-^t,^h(^1,-1;^^ +4H (^-1,-1,0,-1;^^ - 4i? (^-1,-1,0,1;^ 
+ AH f-1,0,-1,-1;^ j -2// ^-1,0,-1,1;^ j - 8// (^-1,0,0,-1;^ 



+2iJ (^-1,0,1,1;^) 

+i/('o, -1,-1,-1;- 
a J \ a 

^ 3^^(0,0,-1,-1;- 



+ 7H (^-1, 0, 0, 1; ^ - 2H (-1, 0, 1, -1 

- 2H (^-1, 1, 0, -1; + 2H (^-1, 1, 0, 1 
-3i?(0, -1,0,-1; i) +3H (0,-1,0,1 

- H (^0, 0, -1, 1; ^ - 6H (^0, 0, 0, -1; ^ + 6H (o, 0, 0, 1; ^ 

- H (o, 0, 1, -1; l^+H (o, 0, 1, 1; - 2H (o, 1, 0, -1; i 
+ ii- (o, 1, 0, 1; ^ j - 2H (^1, -1, 0, -1; ^ j + 2i/ (^1, -1, 0, 1; ^ 
-2/7 (^1,0,-1,-1;^) (^1,0, 0,1;^ 

G(a,0,a^l;l) =-i7r2i/ (^-1,1; -Itt^I/ (^1,-1; +i7r2lf (^1,1; (G.155) 
+ 7/(^-1,0,0,-1;^^ +2i7 (^-1,0,1,1;^^ -277 (^-1,1,0,-1;^ 
+ 277 (-1, 1, 0, 1; ^) + (o, -1, 0, -1; - 277 (^0, -1, 0, 1; ^ 
+ 77(^0,0,-1,-1;^^ -77(^0,0,-1,1;^^ - 677 (^0,0,0,-1;^ 
+ 677 (0, 0, 0, 1; i j - 77 (^0, 0, 1, -1; i j - 377 (^0, 0, 1, 1; i 
+ 377 (0, 1, 0, -1; - ) - 377 (0, 1, 0, 1; - ) - ^ (0' 1' 1' 1; ^ 



a/ \ a/ \ a 

- 277 (^1,-1,0,-1;^^ +277 (^1, -1, 0, 1; - 277 (^1,0,-1,-1;^ 

+ 27r (^1, 0, -1, 1; i j + 777 (^1, 0, 0, -1; - 8H (^1, 0, 0, 1; ^ 

+ 277 (^1, 0, 1, -1; - 477 (^1, 0, 1, 1; + 477 (^1, 1, 0, -1; ^ j 

-477 (^1,1,0,1;^ 

G(-a, 0, -a, a; 1) = -77 (^-1, 0, -1, 1; i ) (G.156) 

G(-a, 0, a, -a; 1) = -77 ( -1, 0, 1, -1; i ) (G.157) 
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G{-a, 0, a, a-l)=H (^l, 0, 1, 1; ^ (G.158) 

G(a, 0, -a, -a; 1) = -H (l, 0, -1, -1; ^ (G.159) 

G(a, 0, -a, a; 1) = ^1, 0, -1, 1; ^ (G.160) 

G(a,0,a,-a;l) = i7 ^1, 0, 1, -1; (G.161) 

G(a, 0, a, a; 1) = -H 0, 1, 1; (G.162) 

G(a, 1, 0, 0; 1) = (^0, 0, 0, + H (^1, 0, 0, 1; ^ (G.163) 

G(a, 1, 0, 1; 1) = -\^H U 1; ^) - ^vr^i^ A, 1; ^) + (o, 0, 0, 1; (G.164) 



+ ff (^0,0,1,1;^^ +i? (^1,0,0,1;^^ +^^(^1,0,1,1;^^ 



G(a, 1, 0, a; 1) = -2H (q, 1, 0, 1; ^ j - ^0, 1, 1, l]^ - H (l, 1, 0, 1; ^ j (G.165) 

G (-a, 1, 0, 1) = 2H ^-1, -1, 0, -1; ^ - 2H (^-1, -1, 0, 1; ^ (G.166) 

+ il (^-1,0,-1,-1;^^ + H (^-1,0,0,-1;^^ - H (^-1,0,0,1;^ 

+ 2H (^0,-1,-1,-1;^^ -4i/ (^0,-1,0,-1;^^ +2H (^0,-1,0,1;^ 

+ (0, 0, -1, -1; -]+H (0, 0, 0, -1; -]- H ( 0, 0, 0, 1; - 
\ a J \ a/ \ a 

+ AH (o, 1, 0, -1; - 2H (o, 1, 0, 1; ^ 
G (a, 1, 0, a^; l) = -2i? ^0, -1, 0, -1; ^ + 4H (^0, -1, 0, 1; ^ (G.167) 
+ H ( 0, 0, 0, -1; -]-H (0, 0, 0, l;-]+H ( 0, 0, 1, 1; -] + 2i/ (0, 1, 0, -1; ^ 



a/ \ a J \ a J \ a 

-AH (o,l,0,l-^^ -2H (^0,l,l,l;i^ -il (^1,0,0,-1;^^ + H (^1,0,0,1; ^ 

- H (^1, 0, 1, 1; ^ j + 2H (^1, 1, 0, -1; ^) - (l, 1, 0, 1; ^ 

G{a, 1, 1, 0;1) = H (o, 0, 0, 1; ^) + ^ (o, 1, 0, 1; ^) + (l, 0, 0, 1; ^ ) (G.168) 

+ ijfl, 1,0,1; - 
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G(a,l,l,l;l) =i7 0,0,0,1;- +iJ 0,0,1,1;- +iJ 0,1, 0,1;- 



1 



+ i/ 1,1,1,1; 



1 



+ H {0,1,1,1;- 1,0,0,1;- 1,0,1,1;- +H {1,1,0,1 



1 



G(a,l,l,a;l) =i7(^l,0,0,l;-J +/f (^1,0,1,1;-J + i/ (^1, 1, 0, 1; 

+ H (^1,1,1,1;^^ 
G{-a,l,l,a'';l) = H (^-1,-1,-1,-1;^^ - H (^-1,-1,0,-1;^^ 

-H (-1,0,-1,-1;-) +h( -1,0,0,-1;-] + f 0, -1, -1, -1; - 



1 



1 



0,-1,0,-1;- +H {0,0,-1,-1;- + H { 0,0,0, -1; - 



1 



1 



1 



0,0,0,1;- +2ii- 0,1,0,-1;- -i/ 0,1, 0,1;- 



1 



+ 2H 1,0,-1,-1;- -H{ 1,0,0,1;- +2iJ 1,1,0,-1; 



1 



-i? 1,1,0,1; 



G(a,l,l,a2;l) =i/(^-l,-l,0,-l;^^ -2// (^-1,-1,0,1;^ 
- H (-1, 0, 0, -1; -] - 2H (-1, 0, 1, 1; - V ^ fo> -1> 0> -1; - 



1 



1 



+ 2il 0, -1, 0, 1; - + 0, 0,0,-1;-) - H{ 0, 0, 0, 1; - 



1 



+ H [0,0,1,1 

+ h(^i,o,o,i 

+ if fl,l,l,l 



if ( 0,1, 0,1; ij -if (^0,1, 1,1; i 
+ l,0,l,l;-V^^l'l'0'l;- 



l 



G(a,l,a,0;l) = ii 0, 1, 0, 1; - + if 0, 1, 1, 1; - + ii 1, 0, 0, 1; 



1 



+ ii 1,1,0,1; 



1 



+ H (^1,1,1,1;^^ 



G{a, 1, a, 1; 1) = ii 0, 1, 0, 1; - + ii 0, 1, 1, 1; - + ii 1, 1, 0, 1; - 



1 



G (-a, 1, a^ 0; l) = -H (^-1, -1, 0, -1; (^-1, 0, 0, -1; ^ (G.175) 

- 2H fo, -1, -1, -1; -\+H fo, -1, 0, -1; -\ - AH fo, 0, -1, -1; - 



m ( 0, 0, 0, -1; - ) + QH (0, 0, 0, 1; - ) - AH (0, 1, 0, -1; - 



a 

+ 2H (^0,1,0,1;^^ - 2H (^1,0,-1,-1;^^ - 5H (^1,0,0,-1;^ 

+ AH (1,0,0,1; - 
V a 

G (a, 1, a^ 0; l) = 4H (^-1, 0, 0, -1; ^ j - ^-1, 0, 0, 1; ^ (G.176) 
+ 2H (-1, 0, 1, 1; + 2H (o, -1, 0, -1; - 4H (o, -1, 0, 1; - 



- 6H (o, 0, 0, -1; + 6i? |^0, 0, 0, 1; - 4il (o, 0, 1, 1; ^ 
+ h(o,1,0,1;1) +2H (^0,l,l,l;i^ +1/(^1,0,0,1;^ 
+ 1/(^1,1,0,1;^ 

G (-a, 1, a2, 1; 1) = il (^-1, -1, -1, -1; i j - i/ (^-1, -1, 0, -1; 

+ iJ f-1, 0,-1,-1; + H (-1,0,0,-1;-) - H ( -1,0,0,1; - 
\ a J \ a J \ a 

+ 2H (^-1,1,0,-1;^) -H (-1,1,0,1;^^ - H (o, -1,-1,-1;^ 
+ 3H (^0,-1,0,-1;^^ -H (o, -1,0,1;^^ - 3H (^0,0,-1,-1;^ 

- H (o, 0, -1, 1; i j - 6H (o, 0, 0, -1; ^ + 6H (o, 0, 0, 1; i 

- H (o, 0, 1, -1; l^+H (o, 0, 1, 1; - 6H (o, 1, 0, -1; ^ 
+ 3H (^0,1,0,1;^^ +2ii- (^1,-1,0,-1;^^ -1/(^1,-1,0,1;^ 
-21/ (^l,0,-l,-l;i^ -1/(^1, 0,-1,1; -51/ (^1,0,0,-1; ^ 
+ 51/ (^1,0,0, l;ij -1/(^1,0,1,-1;^^ +1/(^1,0, 1,1; i 
-41/ fl, 1,0,-1; -V2i^fl, 1,0,1; - 



(G.177) 
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G {a, 1, a^ 1; l) = -2H (^-1, -1, 0, -1; + 4H (-1, -1, 0, 1; (G.178) 



H \^-l,0, -1,-1;- j + H \^-l,0, -1,1;- j + 5H 0, 0, -1; - 
5H (-l,0,0,l;i ) +H (-1,0,1,-1;-] +2H (-1,0,1,1; 



+ i7 1-1,1,0,-1;- ) -2iJl-l,l,0,l;-^ + 3i/ fo,-l,0,-l; ^ 



a 



- 6i? ( 0, -1, 0, l;-\+H (o, 0, -1, -1; -\ - H fo, 0, -1, 1; ^ 



a 



-6i? (0,0,0,-1; -) +6i7 f 0,0,0, 1;-) - H\ 0,0,1,-1;- 
\ a J \ a J \ a 

- 3H (o, 0, 1, 1; - i/ (^0, 1, 0, -1; + 3H (^0, 1,0, 1; ^ 

+ H (^0, 1, 1, 1; ^) + ^ (l, -1, 0, -1; - 2H (^1, -1, 0, 1; ^ 

-/f (^1,0,0,-1;^^ (^l,0,0,l;ij - H (^1,0,1,1;^ 

+ Ffl,l,0,l;i) +Ffl, 1,1,1;- 

G {-a, 1, a", a" ; 1) = H (^-1,-1,-1,-1;^^ - H (^-1,-1,0,-1;^^ 

+ i/ f-1, 0,-1,-1; +/?f-l, 0,0,-1; - if f-1, 0,0,1;- 
\ a J \ a J \ a 

+ 2H (^-l,l,0,-l;i) -ii (^-l,l,0,l;i) + h (o, -1,-1,-1;^ 
+ H (o, -1, 0, -1; l^-H (^0, -1, 0, 1; ^) + (o, 0, -1, -1; 
-H (^0,0,-1,1;^^ -ii (^0,0, 1,-1; +i/ (^0,0, 1,1; i 
+ 2H (^l,-l,0,-l;i^ -i/ (^1,-1,0,1;^^ -f(^1, 0,-1,1;^ 
-If (^1,0, 0,-1; + if (^1,0,0,1;^^ - H (^1,0,1,-1;^ 
+ if Tl, 0,1,1; i") -2ii Tl, 1,0,-1; i") + if Tl, 1, 0, 1; ^ 



(G.179) 
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G(a,l,a^a^l) =-i? (^-1,-1,0,-1;^) +2H (^-1,-1,0,1;^^ 



(G.180) 

-if (^-1,0, -1,-1; +ii'(^-l,0,-l,l;^J (^-1,0, 0,-1;^^ 

-i? f-1, 0,0,1; i") +//f-l, 0,1,-1;-) +ii-f-l, 1,0,-1;- 
\ a J \ a J \ a 

-2H (^-1,1,0,1;^) +if 1^0,0,-1,-1;^) -/f (^0,0,-1,1;^ 

-if (^0,0, 1,-1;^) +1/(^0,0,1,1;^) -i? (^0,1, 0,-1; i 

+ (^0,1,0,1;^) - i/ (^0, 1, 1, 1; ^) +^^(^1,-1,0,-1;^ 

-2i7 (^1,-1,0,1;^) -i/(^l,0,0,-l;i) + (^1, 0, 0, 1; ^ 

-ii-(^l,0,l,l;i) +ii-(^l,l,0,l;i) + ii- (^1, 1, 1, 1; i 
G(a, 1, a, a; 1) = if (^1, 1, 0, 1; ^) + -^^^ (l, 1, 1, 1; ^) (G.181) 
G (a^ 0, 0, -a; l) = (^-1, 0, 0, -1; ^) - F (^0, -1, 0, -1; ^) (G.182) 

+ (^0, 0, -1, -1; ^) - (o, 0, -1, 1; ^) - ^ (o, 0, 0, -1; (^0, 0, 0, 1; ^ 

- H (^0, 0, 1, -1; (^0, 1, 0, -1; ^-H (l, 0, 0, -1; ^ 

G (a^ 0, 0, a; l) = -if (^-1, 0, 0, l-^+H -1, 0, l;^ - H (^0, 0, -1, 1; ^) (G.183) 

-ff ("0,0, 0,-1;-) + ii-('o,0,0,l;-V^('o>0>l>-l;-) + ^i" fo, 0, 1, 1; - 



if (0,1,0,1; i) 0,0,1; i 



G (a^ 0, -a, 0; l) = -2ii (^-1, 0, 0, -1; ^) + ^ -1, 0, -1; ^) (G.184) 
- 2ii (0, -1, 0, 1; - ) + 2ii (0, 0, -1, -1; - ) - 2ii ( 0, 0, -1, 1; - 



4ii ( 0, 0, 0, -1; -] + 4ii (0, 0, 0, 1; - ] - 2ii (0, 0, 1, -1; - ] + 2ii ( 1, 0, 0, -1 ^ 



a 



G (a^ 0, a, 0; l) = 2ii (^-1, 0, 0, 1; ^) - 2ii (^0, 0, -1, 1; ^) (G.185) 
- 4ii (q, 0, 0, -1; ^) + 4ii (^0, 0, 0, 1; ^) - 2ii (^0, 0, 1, -1; ^ 
+ 2ii (0, 0, 1, 1; -] - 2H (0, 1, 0, -1; -]+ H ( 0, 1, 0, 1; - ) - 2ii ( 1, 0, 0, 1; - 
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G (a^ 0, -a, 1; l) = ^Tr^i? (^-1, -1; ^ - ^Tr^i? (^-1, 1; ^ 



(G.186) 



-TT^i^ 1,-1;- +2i? -1,-1,0,-1;- +2/? -1,0, -1,-1;- 



1 



H[ -1,0,-1,1;- ) -bH[ -1,0,0,-1;- ) + 3i7 ( -1,0,0,1; 
I -1,0,1,-1; - ) +2i/(-l,0,l,l;-) - /fl-1,1,0,-1; 



1 



1 



1 



- 0, -1, -1, -1; - + ^ 0, -1, -1, 1; - - ii- 0, -1, 0, 1; 



1 



1 



1 



+ H (^0, -1, 1, -1; - j + m 0, -1, -1; - j - 3if (^0, 0, -1, 1; - 
- AH (q, 0, 0, -1; ^ + AH ^0, 0, 0, 1; - 3iJ 0, 1, -1; + i/ (^0, 0, 1, 1; ^ 



+ li-(^0,l,-l,-l;-J -i? (^1,-1, 0,-1; -J -ff(^l, 0,-1,-1; -J +2ii- (^1,0,0,-1;- 
G (a^ 0, a, 1; 1) = -^vr^/f (^-1, 1; 1 j - Itt^// (^1, -1; ^) + ^Tr^i? (^1, 1; (G.187) 



1 



1 



+ 2/f -1,0,0,1;- -1,0,1,1;- -1,1,0,1; 



1 



1 



1 



-if 0,-1,1,1;- 0,0,-1,-1;- -3il 0,0,-1,1; 



1 



1 



1 



- 4i? 0, 0, 0, -1; - + 4i? 0, 0, 0, 1; - - 37? 0, 0, 1, -1; 



1 



+ 3i7 0,0,1,1;- -iJ 0,1,-1,1;- -i7 0,1,0,-1; - 



1 



1 



ii- 0,1,1,-1;- 0,1,1,1;- +i? 1,-1, 0,1;- 



1 



1 



1 



2if 1,0,-1,-1;- +i7 1,0,-1,1;- + 3if 1, 0, 0, -1; - 



-5i7 (^1,0,0,1; -j + (^1,0, 1,-1; -j -2iJ (^1,0, 1,1; -j -2iJ( 1,1,0,1; 
G (a^ 0, a^ -a; l) = 2H |^-1, -1, 0, -1; ^ - AH (^1, -1, 0, 1; ^ 



(G.188) 



+ ?,H[ -1,0,-1,-1;- -3i/ -1,0,-1,1 



+ hH 1^-1,0,0,1 
+ 2H (^-1,1,0,1 
+ 2H (0,1,0,-1 



hH -1,0,0,-1; 



1 



1 



3/7 -1,0,1,-1;- -iJ -1,1,0,-1; 



- -2iJ 0,-1,0,-1;- +2/7 0,-1, 0,1;- 



1 



2i7 0,1,0,1;- -77 1,-1, 0,-1;- 



1 
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+ 2H (l, -1, 0, 1; - 2H (^1, 0, -1, -1; ^) + 2H (^1, 0, -1, 1; 
+ 4H (1, 0, 0, -1; -] - AH (1, 0, 0, 1; -] + 2H (1, 0, 1, -1; - 



G (a^ 0, a^ a; l) = -2H (^-1, 0, -1, 1; ^ - AH ^-1, 0, 0, -1; ^ 
+ 4H (-1, 0, 0, 1; - 2H (-1, 0, 1, -1; + 2H (-1, 0, 1, 1; 
- 2H (-1, 1, 0, -1; -)+H (-1, 1, 0, 1; -) - 2H (o, -1, 0, -1; - 



(G.189) 



+ 2H{0, -1, 0, 1; - ) + 2H ( 0, 1, 0, -1; - ) - 2H (0, 1, 0, 1; ^ 



a 



-2iJ( 1,-1,0,-1;- ) + ill 1,-1,0,1;-^ +3H fl, 0,-1,1; ^ 



a 



(G.190) 



+ 5H (^1, 0, 0, -1; ^) - (^1, 0, 0, 1; ^ j + 3H (^1, 0, 1, -1; ^ 

- 3H (^1, 0, 1, 1; + iH (^1, 1, 0, -1; ^) - 2H (^1, 1, 0, 1; i 
G (a^, 0, -a, a^; l) = -2H (-1, -1, 0, -1; + 4iJ (-1, -1, 0, 1; 

+ H (^-1, 0, -1, 1; + 4i? (^-1, 0, 0, -1; - AH (^-1, 0, 0, 1; ^ 
+ //f-l,0,l,-l;-) +i/f-l,l,0,-l;-) -2i/ ("-1,1,0,1;- 

- H (o, -1, -1, -1; + (^0, -1, -1, 1; + 3H (o, -1, 0, -1; ^ 

- 31i- (^0, -1, 0, 1; ^) + (o, -1, 1, -1; l^+H (o, 1, -1, -1; ^ 
-i? (^0,1,0,-1;^^ +i/(^0,l,0,l;^j + H (^1,-1,0,-1;^^ - 2H (^1,-1,0,1;^ 

- (^1, 0, -1, -1; - 3H 0, 0, -1; ^ + (^1, 0, 0, 1; ^ 
G (a^ 0, a, a^; l) = 3H (^l, 0, 0, -1; ^ - 3H (^-1, 0, 0, 1; ^ (G.191) 

+ H (^-1,0,1,1;^^ +2H ^-l,l,0,-l;ij - H (^-1,1,0,1;^ 
+ h(o, -1,0,-^1^ -/f (^0,-1,0,1;^) -iJ (^0,-1, 1,1;^) +2iJ (^1,1, 0,1;- 

- H (o, 1, -1, 1; - 3H (o, 1, 0, -1; + 3H (o, 1, 0, 1; ^) - ^ (o, 1, 1, -1; ^ 
+ if fo, 1,1,1; +2H (^l,-l,0,-l;i^ - if f 1, -1, 0, 1; i V ^ f 1, 0, -1, 1; ^ 
-4ii( 1,0,0,-1;^) +4i/ (^1,0,0,1;^) -ii( 1,0,1,-1;^) - 4iJ( 1,1, 0,-1;- 
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G (a^ -a, 0, 0; l) = 4.H ^-1, 0, 0, -1; ^ - AH (^-1, 0, 0, 1; ^ (G.192) 
+ 2H (0,-1,0,-1;- ) - 2H (0,-1,0,1;- ) + { 0, 0, -1, -1; - 



( 0, 0, -1, 1; -] - 7H (0, 0, 0, -1; ^ ) + 7H (0, 0, 0, 1; ^ 



a 



H [0,0,1,-1;-) - H (o,l,0, -I;-) -h(i,0,0,-1;- 



G {a^,a, 0, 0; l) = -H (^1, 0, 0, 1;^ - H (o, -1, 0, 1;^ -H (o, 0, -1, 1; ^ (G.193) 



-7H(0, 0, 0, -1; + 7H (^0, 0, 0, 1; - F (^0, 0, 1, -1; ^ 
+ 0,0,1,1;- ) -2H (^0,1,0,-1;^^ +2H (^0,1,0,1;^ 
4H { 1, 0, 0, -1; -] + AH ( 1, 0, 0, 1; - 



G (a^, -a, 0, 1; l) = -^tt'^H (^-1, -1; + ivr^/f (^-1, 1; (G.194) 
+ ^^^i/ (^0, -1; ^) - ^vr^i^ (^0, 1; + ^vr^i/ (^1, -1; ^) - 2H (^-1, 0, -1, -1; i 
+ 2ii- ( -1,0,-1,1;- ) +4il (-1,0, 0,-1; i) - 4il ( -1, 0, 0, 1; ^ 



+ 2// (^-1,0,1,-1;^^ -2H ^-l,0,l,l;i^ (^0,-1,-1,-1;^ 
+ H (o, -1, -1, 1; ^) + ^ (o, -1, 0, -1; ^^-H (^0, -1, 0, 1; ^ 
+ H (^0, -1, 1, -1; + AH (o, 0, -1, -1; - 4ff (^0, 0, -1, 1; ^ 
- 7H (^0, 0, 0, -1; i j + 7i7 (^0, 0, 0, 1; i j - 4i7 (^0, 0, 1, -1; i 
+ 3H (o, 0, 1, 1; ^) + (o, 1, -1, -1:^^-H (^0, 1, 0, -1; ^ 
+ ii- (^1, 0, -1, -1; - (^1, 0, 0, -1; ^ 
G {a^ a, 0, 1; l) = ^tt^H (^-1, 1; + ^tt^H (o, -1; i j - ^tt^// (^0, 1; i j (G.195) 

+ 1^2^ (^1, -1; ^) - ^vr^i^ (^1, 1; ^) - ^ (-1, 0, 0, 1; ^) - ^ (-1, 0, 1, i; ^ 

-if ("0,-1,0,1; -V^ ("0,-1,1,1; -1 +3H (0,0,-1,-1;-) -AH ("o, 0,-1,1;- 



7H ( 0, 0, 0, -1; i ) + 7H (o, 0, 0, 1; - ] - AH [0, 0, 1, -1; - ] + AH (0, 0, 1, 1; - 



H (o, 1, -1, l;-)-H (o, 1, 0, -1; -) + H (o, 1, 0, 1; - V ^ f 0, 1, 1, -1; - 
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+ ii- f 0, 1, 1, 1; + 2H ("1,0,-1,-!;^) - 2H f 1,0, -1,1;-) - AH fl,0,0,-l;- 
\ aj \ aj \ aj \ a, 

+ AH (1, 0, 0, 1; -) - 2H (l, 0, 1, -1; -] + 2H f 1, 0, 1, 1; - 



G (a^ -a, 0, a^; l) = 2H (^-1, -1, 0, -1; ^ - 2H ^-1, -1, 0, 1; ^ 
-2H ("-1,1, 0,-1;-) +2H (-1,1,0,1;-) + H ( 0, -1, -1, -1;- 



(G.196) 



H [0,-1,-1,1;-] -3H (0,-1,0,-1;-) + 3H (0,-1,0,1; ^ 



a 



- ( 0,-1, 1,-1; -V^fo, 1,-1,-1; -V^fo, 1,0,-1 ^ 



a 



-H [0,1,0,1;^^ -2H (^1,-1,0,-1;^^ +2H (^1,-1,0,1;^ 
H [1,0,-1,-1;-] -H (1,0,0,-1;-) +H (1,0,0,1;- 



G(a^a,0,a^;l) = H (^-1,0,0,-1;^ - i7 ^-1, 0, 0, 1; (G.197) 



+ H [^-1,0,1,1; -j-2H (^-1,1, 0,-1; -J +2H (^-1,1,0,1;- 
-/f (^0,-1, 0,-1; (^0,-1, 0,1; + (^0, -1, 1, 1; + F (^0, 1, -1, 1; ^ 

+ 3H (0,1,0, -1; -3H (^0,l,0,l;i^ + (^0, 1, 1, -1; - if (^0, 1, 1, 1; ^ 
-2H (^1,-1,0,-1;^^ +2H (^1, -1, 0, 1; + 2iJ (^1, 1, 0, -1; - 2H (l, 1,0,1;^ 
G (a^ -a, 1, 0; l) = -2H (^-1, -1, 0, -1; ^ + 2H (^-1, -1, 0, 1; ^ (G.198) 
-ijf-l, 0,-1,-1;-) +H (-1,0,-1,1;-) +3H f-1, 0, 0, -1; - 



3H [ -1, 0, 0, l;-)+H (-1, 0, 1, -1; -) + H ( -1, 1, 0, -1; - 



a 

+ AH (0, -1, 0, -1; - AH (o, -1, 0, 1; ^) + ^ (o, 0, -1, -1; ^ 
- H (0, 0, -1, 1; ^ - 7H (0, 0, 0, -1; + 7H (^0, 0, 0, 1; ^ j - (o, 0, 1, -1; ^ 
-3H ^0,1,0,-1;^") +2H (0,1,0,1;^") + if ('l, -1, Q, -1; 1") - if ^ Q, 0, -1; ^ 
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G (a^ a, 1, 0; l) = -H ^-1, 0, 0, l-^-H ^-1, 1, 0, 1; ^ (G.199) 
+ 2H (0,-1,0,-1;- ) - m (0,-1,0,1;- ) - i/ ( 0, 0, -1, 1; - 



IH ( 0, 0, 0, -1; - I + 7H (0, 0, 0, l--]-H { 0, 0, 1, -1; ^ 



a 



+ i7 ( 0,0,1,1;- ) - AH (0,1,0,-1;- ) + AH (0,1,0,1; ^ 



a 



-i?( 1,-1,0, l;-V^('l>0,-l,l;-^ -m ("1,0,0,-1; ^ 



a 



+ 3ii-( 1,0, 0,1; 0,1,-1;-^ fl, 0,1,1; - 



-2iJ 1,1,0,-1;- +2i7 1,1, 0,1;- 



G {a\ -a, 1, a^; l) = H (^-1, -1, -1, -1; ^-H (^-1, -1, -1, 1; 



(G.200) 



(^-1,-1, 0,-1; -J +i/ (^-1,-1, 0,1; -J -i? (^-1,-1, 1,-1;- 
2iJ (-1,0,-1,-1;- ) +2iJ ( -1,0,-1,1;- ) + 3i/ ( -1,0,0,-1;^ 



-31i-( -1,0,0,1;-^ +2H ("-1,0,1,-1;-^ -^^('-1,0,1,1;- 



-il (^-1,1,-1,-1;^^ (^-1,1, 0,-1; +7/(^0,-1,0,-1; 

- // (0, -1,0, 1; ^) - ^ (0, -1, 1, 1; ^) - ^ 1' -1' 1; \ 

- 3H (0, 1, 0, -1; ^) + (0, 1, 0, 1; ^) - -f^ (0, 1, 1, -1; ^ 

+ H (0,1,1,1;^^ -H (^1,-1,-1,-1-^^ +i/ (^1,-1, 0,-1; i 
+ if (1, 0, -1, -1; - 2H (1, 0, -1, 1; -) - AH (l, 0, 0, -1; - 
+ AH (^1,0,0,1;^^ -2H (^1,0,1,-1;^^ + H (^1,0,1,1;^ 
-AH (^l,l,0,-l;ij +2i/ (1,1,0,1;^ 
G (a^ a, 1, 1) = -2/f (^-1, -1, 0, -1; ^) + (^-1, -1, 0, 1; ^ 



(G.201) 



- /i (^-1, 0, -1, -1; -J + 2H (^-1, 0, -1, 1; -j + AH (^-1, 0, 0, -1; - 

-AH (-1,0,0,1;-) +2H f-1, 0, 1, -1; - ii f-1, 0, 1, 1; - 



f-l,l,0,l;i ) - ii( -1,1,1,1;- ) - /i( 0,-1, -1,-1;- 
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+ H (o, -1,-1,1; +3H (^0,-1,0,-1;^^ - 3H (^0,-1,0,1;^ 
+ h(o, -1,1,-1;^^ +H (^0,1,-1,-1;^^ - H (o, 1,0,-1;^ 
+ H (o,l,0,l;^^ - H (^1,-1,0,1;^^ - H (^1,-1,1,1;^ 
+ H (^1,0,-1,-1;^^ -2H (^1,0,-1,1;^^ -3H (^1,0,0,-1;^ 
+ 3H (^1, 0, 0, 1; - 2H (^1, 0, 1, -1; + 2H (^1, 0, 1, 1; ^ 
H { 1,1,-1,1;-) - H (l,l,0,-l;-) +h(i,1,0,1;- 



a 



-i? ( 1,1, 1,-1; ^"j +h(i,1,1,1;^ 



G 0^,0, -a; l) = H (^-1, -1, 0, -1; ^-H (^-1, 0, -1, -1; ^ 



+ if (^-1,0, -1,1 
+ /f (^-1,0, 1,-1 
+ ii-fo, -1,-1,1 



+ /f 0,0,-1,-1 



+/i-f -1,0, 0,-1 ^ 



if -1,1,0,-1 



- ) 0,-1, 1,-1 



ii- -1,0, 0,1;- 
a 



H [0,-1,-1,-1;- 
a 



ii- 0,-1, 1,1;- 
a 



i/(0,0,-l,l;- 1 -ii( 0,0, 1,-1;- 



(G.202) 



+ H {q,Q,1,1;-^ (^0,1,-1,-1;^^ -ij(^0, 1,-1,1;^ 
-i? (^0,1,0,-1;^^ + H (^,1,0,1;'^ - H (^,1,1,-1;^ 
-h(i,-1,Q,-1;^ +h{i,Q,-1,-1;^ - H (^,0,-1,1; 

- H (l,Q,{},-l;-^ +iJ (^1,0, 0,1; (^1,0, 1,-1; +H{1,1,Q, 
G{a\a\Q,a;l)=-H (^-1,-1,0,1;^^ + ii (^-1, 0, -1, 1; 

+ i7 (^-1,0, 0,-1; -^^(^-1,0,0,1;^^ +ii (^-1,0,1,-1; i 
-/f(^-l,0,l,l;^) +ij(^-l,l,0,l;^) +h[q, -1,-1,1;^ 
+ i? (^0,-1, 0,-1; -ii- (^0,-1, 0,1; + H (^,-1,1,-1;^ 

- H U, -1,1,1;'^ + H U,0, -1,-1;^ - H U,Q,-1,1;^ 



a, 



(G.203) 
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-H 
-H 
+ H 
+ H 

- H 
+ 2H 
-H 
-H 
+ H 

- H 
+ H 
+ H 
+ H 
+ H 
+ H 
-H 

+ H 
-H 
-H 



0,0,1,-1;-) +i/fo, 0,1,1; + fo, 1, -1, -1; - 
a J \ a J \ a 

0. 1, -1, l;-\-H f 0, 1, 1, -1; -\ + H f 0, 1, 1, 1; - 

a J \ a J \ a 

1, -1,0,1;^) -i/ ("1,0,-1,1;-) -i/fl, 0,0,-1;- 

a J \ a J \ a 

1,0,0,1;^^ -iJ (^1,0, 1,-1;^^ +ij(^l,0,l,l;i^ -iJ (^1,1,0, 

, 1, -a; l)=H (^-1, -1, -1, -1; {-I, -1, -1, 1; ^ 

-1,-1,1,-1;-) +h(-1-IXI--\-2H (-1,0,-1,-1;- 
a J \ a J \ a 

-1, 0, -1, 1; -) + 2H f-1, 0, 1, -1; -) - 2H f-1, 0, 1, 1; - 

-1, 1, -1, -1; -]+H f-1, 1, -1, l;-]+H f-1, 1, 1, -1; - 

-1, 1, 1, l;-)-H fo, -1, -1, -1; i) + i/ fo, -1, -1, 1; - 
a J \ a J \ a 

0, -1, 1, -1; -]-H f 0, -1, 1, l;-]+H f 0, 0, -1, -1; - 

0, 0, -1, l;-]-H f 0, 0, 1, -1; -] + H f 0, 0, 1, 1; - 
aJ \ a J \ a 

0,1,-1,-1;-) -i/fo, 1,-1,1;-) -ii-fo, 1,0,-1; ^ 



0. 1.0.1;-) -ijfo, 1,1,-1; -) -ijfl, -1,-1,-1;- 

a/ \ aJ \ a 

1, -l,-l,l;i) +il fl, -1,1,-1; -) -ijfl, -1,1,1; i 

1,0,-1,-1;-) f 1,0, -1,1;-) -H (1,0,1,-1;- 
a J \ a J \ a 

1,0,1,1;-) +ijfl,l,-l,-l;-) -i^fl, 1,-1,1; i 
aJ \ aJ \ a 

1,1,0,-1;-) +ii'fl,l,0,l;-) -ilfl, 1,1,-1; i 
aJ \ aJ \ a 

,l,a;l)=-H - h (^-1,-1,0,-1; 

-1,-1,0,1;-) f-1, -1,1,-1;-) +H (-1,-1,1,1;- 
aJ \ a J \ a 

-1,0,-1,-1;-) +il f-1, 0,-1,1;-) +iJ f-1, 0,1,-1;- 
aJ \ a J \ a 

-l,0,l,l;i) - ii- f-1, 1, -1, -1; i) f-1, 1,-1,1; i 



+ if -1,1,1,-1;- -if -1,1,1,1;- +iJ 0,-1,-1,1; 



1 



1 



+ H 10,-1,0,-1;- -ii- 0,-1,0,1;- + 0, -1, 1, -1; - 



1 



H [0,-1,1,1 

h(o,o,i,-i 

h( 0,1,-1,1 



1 



1 



- + ii 0, 0, -1, -1; - - i/ 0, 0, -1, 1; - 



1 



1 



- +i7 0,0,1,1;- +if 0, 1,-1,-1; - 



-iJ (0,1,1,-1;- ) + 0,1,1,1 



1 



1 



1 



H {1,-1,-1,-1;- 1,-1,-1,1;- 1,-1,1,-1; 



-if 1,-1,1,1;- +2ii 1,0,-1,-1 



- 2ii- I 1,0,1,-1;- ) +2ii I 1,0,1,1;- ) + ii I 1, 1, -1, -1; - 



1 



2ii 1,0,-1,1; 



1 



- H 1^1, 1, -1,1;- j-H \^1, 1, 1,-1;- j+H (1, 1, 1, 1; - 
G (a^ a^ -a, 0; l) = -2H (^1, -1, 0, -1; ^ + 2H {-1, -1, 0, 1; ^ 

- 2H (^-1, 0, -1, -1; ^) + 2H (-1, 0, -1, 1; ^) + 2H (^-1, 0, 1, -1; ^ 
-2ii-(^-l,0,l,l;i^ +2if (^-1,1,0,-1;^^ -2H (^-1,1,0,1;^^ 

- H (o, -1,-1,-1; -]+ H (o, -1,-1,1; -] + 2H fo, -1,0,-1; 



-2iJ( 0,-1,0,1;- ) +/i (0,-1,1,-1;- ) - ii( 0,-1,1,1 



1 



1 



1 



1 



+ 3H{0, 0, -1, -l;-]-3H{ 0, 0, -1, 1; - - 3ii 0, 0, 1, -1; - 



+ 317(0,0,1,1;- ) +i/ ( 0,1,-1,-1; -) - /f( 0,1,-1,1;- 



1 



Sii 0,1,0,-1;- +3iJ 0,1,0,1;- - i7 0, 1, 1, -1; - 



+ 2ii (^1,-1,0,-1;-J -2ii- (^1,-1,0,1; -J +1^(^1,0,-1,-1; 
- H (^1, 0, -1, 1; ^) - 3H (^1, 0, 0, -1; + 3H (^1, 0, 0, 1; 



-iifl,0,l,-l;- ) -iJ( 1,1,0,-1; 



(G.206) 
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G(a^a^a,0;l) =i? (^-1,-1, 0,1; + H (-1,0,-1,1;^^ 

+ 3H (-1, 0, 0, -1; - ) - 3H ( -1, 0, 0, l;-]+H ( -1, 0, 1, -1; - 



(G.207) 



H I -1,0,1,1; -]+2H[ -1,1,0,-1;- ]-2H[ -1,1,0,1;- 



1 



1 



+ iJ 0,-1,-1,1;- +SH 0,-1,0,-1;- - 3iJ 0, -1, 0, 1; - 



1 



+ 7/ 0,-1,1,-1;- -i? 0,-1,1,1;- +3i? 0,0,-1,-1; 



1 



SH 1 0,0,-1,1; 



1 



1 



0,0,1,-1;- +3iJ 0,0,1,1; 



1 



+ 0,1,-1,-1;- 0,1,-1,1;- -2iJ 0,1,0,-1; 



1 



1 



+ 2ii- 0, 1,0, 1; - - 0, 1, 1, -1; - + ii- 0, 1, 1, 1; - 



1 



+ 2H \^l,-l,0,-l;-j - 2H (^1,-1,0,1; -J +2H |^1, 0, -1, -1; -J - 2H (^1,0,-1,1;- 
-2H (^l,0,l,-l;i) +2iJ (^1,0, 1,1; -2iJ (^1,1, 0,-1;^^ +2iJ (^1,1, 0,1;^^ 
G {a\a\ -a, l;l) = H (^-1, -1, -1, -1; - H (^-1, -1, -1, 1; 



(G.208) 



-1,-1,1,-1;- +H{ -1,-1,1,1;-] - H {-1,0,-1,-1; 



+ -1,0,-1,1;- -1,0,1,-1;- -iJ -1,0,1,1; 



- ( -1, 1, -1, -1; - ) + ii- ( -1, 1, -1, 1; - ) + ii- ( -1, 1, 0, -1; 
-ill -1,1,0,1;- ) -1,1,1,-1;- ) - 2i/( 0,-1, -1,-1;- 



+ 2H (^0,-1,-1,1 
+ 3H 1^0,0,-1,-1 
+ 2H (0,1,-1,-1 



2i/IO,-l,l,-l;-) -2i7( 0,-1, 1,1;- 



1 



1 



3H 0,0,-1,1; -) - 3H { 0,0,1,-1; -) + 3H { 0,0,1,1; - 



1 



1 



2/7 0,1,-1,1;- -i/ 0,1,0,-1;- 0,1,0,1; 



1 



2H (o, 1, 1, -1; ^^+H (^0, 1, 1, 1; ^) - ^ (l, -1, -1, -1; l^+H (^1, -1, -1, 1; ^ 



+ il 1,-1,0,-1;- -il 1,-1,0,1;- 1,-1,1,-1; 



+ 2H [1,0,-1,-1, 



1 



1 



1 



2H 1,0,-1,1; - - 3if 1,0,0, -1; - +3if 1,0,0,1 



1 



-2// 1,0,1,-1;- +i/ 1,0,1,1;- 1,1,-1,-1;- -if 1, 1,0,-1; - 
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G(a^a^a,l;l) =iJ (^-1,-1, 0,1; + H (-1,-1,1,1;^^ 



(G.209) 



if -1,0,-1,-1;- +2i? -1,0,-1,1;- +31^ -1,0,0,-1;- 



1 



3i? -1,0,0,1;- +2i^ -1,0,1,-1;- -2ii- -1,0,1,1; 



1 



+ 1-1, 1,-1, 1; -) + -1,1,0,-1;-) - ill -1,1,0, 1;-) +i7 I -1,1, 1,-1; 



1 



-il -1,1,1,1;- -ii- 0,-1,-1,-1;- +2ii- 0,-1,-1,1; 



1 



1 



1 



+ H 10,-1,0,-1;- -H 0, -1, 0,1;- +2H 0, -1, 1, -1;- -2H 0, -1, 1, 1; - 



1 



1 



+ 3H [0,0,-1,-1;- -Si? 0,0,-1,1;- - 3i7 0, 0, 1, -1; - + 3H { 0,0,1,1; - 



1 



1 



1 



1 



+ 2ii- 0, 1, -1, -1;- -2H{ 0, 1, -1, 1; - - 2ii- 0, 1, 1, -1;- +2H{ 0, 1, 1, 1; - 



1 



1 



1 



1 



+ 1,-1,-1,1;- +i/ 1,-1,0,-1;- 1,-1, 0,1;- 



1 



1 



1 



+ iJ 1,-1,1,-1;- -i? 1,-1,1,1;- 1,0,-1,-1;- -H [1,0,-1,1; 



1 



1 



1 



-H [1,1,1,-1;-] + ii- ( 1, 1, 1, 1; 



-il 1,0,1,-1;- +H 1,0,1,1;- + 1, 1, -1, -1; - - 1, 1, -1, 1; 



1 



1 



G(a^a^a^-a;l) = H (^-1,-1,-1,-1; - H |^-1, -1, -1, 1; 1^ 
-H (-1,-1,1,-1;-) + H (-1,-1,1,1;-) - H ( -1,1,-1,-1; - 



(G.210) 



+ -1,1,-1,1;- + if -1,1,1,-1;- -/f -1,1, 1,1; - 



ill 0,-1,-1,-1;- 1 + 0,-1,-1, l;i ) +H [0,-1,1,-1; 



(0,-1,1,1;- ) +ii-(0, 1,-1,-1 



+ ii 0,1,1,1; 



Hi 1,-1,-1,-1 



+ iJ 1,-1,1,-1;- -/i 1,-1,1,1 



ii-(0,l,-l,l;- ) - il (0,1,1,-1; 



1 



+ H [1,-1,-1,1; 



1 



+ i/ 1,0,-1,-1;- -/i 1,0,-1,1; 



1 



1 



1 



-iJ 1,0,1,-1;- +ii 1,0,1,1;- +iJ 1,1,-1,-1;- -il 1,1, -1,1;- 



1 



1 



if 1,1,0,-1;- +i/ 1,1,0,1;- 1,1, 1,-1;- 



1 



-90- 



G(a^a^a^a;l) = -H (^-1,-1,-1,1;^ - H (^-1,-1,0,-1;^ (G.211) 



+ H 

- H 

- H 
+ H 
+ H 
+ H 
+ H 
+ H 

- H 

- H 
+ H 

- H 

- H 
+ H 
+ H 

+ H 
+ H 

- H 

- H 



1,-1,0,1;- -i? -1,-1,1,-1;- +H{-1,-1,1,1;- 



1,0,-1,-1;- +i/ -1,0,-1,1;- -1,0,1,-1; 



-1,0, 1, 1; -j -i7 (^-1,1,-1,-1;- ) +iJ(-l, 1,-1,1; 
-1, 1, 1, -1; -)-H (-1, 1, 1, 1; - V ^ ( 0> -1> -1> -1; 



1 



1 



0, -1, -1, 1; - + ^ 0, -1, 1,-1;- -H O, -1, 1, 1; - 



1 



0,l,-l,-l;i ) -i?(0, 1,-1,1 



0,1,1,1;- ) 1,-1,-1,-1 



1,-1,1,-1;- I -Hi 1,-1,1,1 



1,1,-1,1; 



L, J., J., . 



1 



- 1,-1, -1,1; - 



i/( 0,1, 1,-1;- 

a 



- +H{1,1,-1,-1;- 



i7 1,1,1,-1;- +iJ 1,1,1,1; 



,-a,a';l) = H (^-1,-1,-1,-1;^^ - H (^-1,-1,-1,1;^^ 
-1,-1,1,-1;-^ +H (-1,-1,1,1;-) -H (-1,0,-1, -1;- 



-1,0,-1,1;- ) + -1,0,1,-1;- ) - ill -1,0, 1,1;- 



1 



1 



1,1,-1,-1;- -1,1,-1,1;- -1,1, 0,-1;- 



1 



1 



1,1,0,1;- +^ -1,1,1,-1;- -^^ 1,-1,-1,-1;- 



1 



1,-1,-1,1; 



1 



if 1,-1,0,-1;- -iJ 1,-1,0,1; 



1 



1,-1,1,-1;- +i? 1,1,-1,-1;- +i? 1,1,0,-1;- -H [1,1,0,1; 



1 



(G.212) 



1 



a,a^;l) =H (^-1,-1,0,-1;^^ - H (^-1,-1,0,1;^ 



a 

(G.213) 

-1,-1,1,1; +H (-1,1,-1,1;-) +ijf-l,l,0,-l;-') -/i (-1,1,0,1;- 
a/ \ a / \ a/ \ a 

-1,1,1,-1; -V^f-i,i,i,i;-V^f 1,-1, -1,1; -1 +h(i,-i,o,-1;- 



1,-1,0,1;- +H [1,-1,1,-1;- -ii 1,-1,1,1;- + H [ 1,0, -1, -1; - 



1,0,-1,1;- -i7 1,0,1,-1;- + 1, 0, 1, 1; - + i7 1, 1, -1, -1; - 



-H [1,1,-1,1;-) -H {1,1,1,-1;-) +H{1, 1, 1, 1 



G (o^ -a, a^, 0; l) = -2H ^-1, -1, 0, -1; ^ + 2H ^-1, -1, 0, 1; ^ (G.214) 
-h(-1,{),-1,-1;-\ +h(-1,Q,-1,1;-\+ZH f-1,0,0,-1;- 



3iJ ( -1,0,0,1; - ) +iJ (-1,0,1,-1;- ) + -1,1, 0,-1;- 



2H 1^0, -1, -1, -1; -J + 2H (^0, -1, -1, 1; -J + 2i/ [Q, -1, 0, -1; 
2/7 -1, 0, 1; + 2H [q, -1, 1, -1; ^ + 2H (q, 1, -1, -1; ^ 



+ 2iJ 0,1,0,-1;- -2iJ 0,1,0,1;- 1,-1,0,-1; 



1 



1 



+ 2H [1, 0, -1, -1; -J + m (^1, 0, 0, -1; -J - AH (^1, 0, 0, 1; - 
G (a^ a, a^ 0; l) = -4if ^-1, 0, 0, -1; ^ + AH ^-1, 0, 0, 1; ^ j (G.215) 



-2H (^-1,0,1,1 
+ 2H (^0,-1,0,1 
-2i? (0,1,0,-1 



i7 -1,1,0,1;- -2iJ 0,-1, 0,-1;- 



1 



2il 0,-1,1,1;- -2ii- 0, 1,-1,1; - 



1 



1 



+ 217(0,1,0,1;- ) - 2/7 (0,1,1,-1; 



1 



1 



+ 277 0,1,1,1;- -77 1,-1,0,1;- -i7 1,0,-1,1; 



1 



1 



- 377 1, 0, 0, -1; - + 377 1, 0, 0, 1; - - 77 1, 0, 1, -1; 



1 



1 



1 



1 



+ 77 1,0,1,1;- - 277 1,1,0,-1;- + 277 1, 1, 0, 1; - 



G {a\ -a, a\ 1; l) = 77 (^-1, -1, -1, -1; - 77 (^-1, -1, -1, 1; 



77( -1,-1,0, -l;-j +77 (^-1,-1,0, 1;- 
1 



77 1-1,-1,1,-1;- 
a 



-77 -1,1,-1,-1;- -77 -1,1,0,-1;- +77 -1,1,0,1; 



1 



1 



277 0,-1,-1,-1;- +277 0,-1,-1,1;- +277 0,-1,0,-1; 



1 



1 



-277 0,-1,0,1;- +277 0,-1,1,-1;- +277 0,1,-1,-1; 



1 



+ 277 0,1,0,-1;- - 277 0,1,0,1; 



1 



77( 1,-1,-1,-1, 



1 



(G.216) 
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-iJ 1,-1,0,-1;- +i7 1,-1,0,1;- -/f 1,0,-1,-1; 



1 



+ 3H{1, 0, -1, 1;-] + 7H {1,0, 0, -l;-]-7H{ 1, 0, 0, 1 



+ 3H (^1,0, 1,-1; -J -2H (^l,0,l,l;-j + (^1,1,0,-1 
G(a^a,a^l;l) = 2H (^-1,-1,0,-1;^^ - 4if ^-1,-1,0,1 



2//( 1,1,0,1; i 



(G.217) 



1 



1 



+ 2if -1,0,-1,-1;- -3i/ -1,0,-1,1;- - 7i? -1, 0, 0, -1; 



+ 7i7( -1,0,0,1;- 1 - 3i/( -1,0,1,-1;- 1 + F I -1,0,1,1; 



1 



1 



-iJ -1,1,0,-1;- +if -1,1,0,1;- -/f -1,1,1,1 



1 



1 



-2// 0,-1,0,-1;- +2i? 0,-1,0,1;- -2ii- 0,-1, 1,1;- 



1 



1 



1 



1 



-2H [0,1,-1,1;-] -2ii-( 0,1,0,-1;- ) + 2i/( 0,1, 0,1; - 
2i7 (0,1,1,-1;- ) +2/f (0,1,1,1;- ) - ill 1,-1,0,-1;- 



1 



1 



+ 1,-1,0,1;- -Ji- 1,-1,1,1;- -il 1,1, -1,1;- 



1 



H [1,1,0,-1;-] +H [1,1,0,1; 



H [1,1,1,-1, 



+ H [1,1,1,1; 



G (a^, -a, a\a^; l) = H (^-1, -1, -1, -1; - H (^-1, -1, -1, 1; 



(G.218) 



-iJ( -1,-1,0,-1;- ) +i?( -1,-1,0,1 



-i/ -1,1,-1,-1;- -i/ -1,1,0,-1 



iJ( 1,-1,-1,-1;- ) 1,-1,0,-1 



-i? -1,-1,1,-1; 



- +i/ -1,1, 0,1;- 



1 



1 



- +iJ 1,-1, 0,1;- 



1 



If 1,0,-1,-1;- +H [1,0,-1,1;-] + 1, 0, 1, -1; - - 1, 0, 1, 1; - 



1 



G {a\a,a\a';l) = H (^-1,0,-1,-1;-^ - H (-1,0,-1,1;-^ 



(G.219) 



-1,0,1,-1;- +/f -1,0,1,1;- -/f -1,1,0,-1; 



1 



1 



+ if 1,-1,0,1; 



+ ii -1,1,0,1;- -ii- -1,1,1,1;- -iJ 1,-1,0,-1; 



F( 1,-1,1,1, 



1 



Hi 1,1,-1,1, 



-ii 1,1,0,-1;- + if 1,1,0,1;- -if 1,1,1,-1;- +ii l,l,l,l;- 
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G{a, a, 0, 0;1)=H (o, 0, 1, 1; ^) + ^ (o, 1, 0, 1; ^) + (^h 0, 0, 1; (G.220) 

G(a, a, 0, 1; 1) = —tt^H (^1, 1; ^) + (o, 0, 1, 1; ^) + (o, 1, 1, 1; (G.221) 

+ H (^1,0,0,1;^^ +H (^1,0,1,1;^ 

G{-a, -a, 0, a; 1) = -H (^-1, -1, 0, 1; (G.222) 

G{-a, a, 0, -a; 1) = -H (^-1, 1, 0, -1; ^ (G.223) 

G{-a, a, 0, a;l)=H (^-1, 1, 0, 1; ^ j (G.224) 

G{a, -a, 0, -a; 1) = -H (^1, -1, 0, -1; ^ (G.225) 

G(a, -a, 0, a;l)=H (^1, -1, 0, 1; ^ (G.226) 

G(a, a, 0, -a; 1) = iJ ^1, 1, 0, -1; ^ (G.227) 

G(a, a, 0, a; 1) = -H (l, 1, 0, 1; ^ (G.228) 

G(a, a, 1, 0;1)=H (o, 0, 1, 1; ^) + ^ (o, 1, 0, 1; ^) + ^ (^1, 0, 1, 1; (G.229) 

+ H (^1,1,0,1;^ 

G(a, a, 1, 1; 1) = (o, 0, 1, 1; ^) + ^ (o, 1, 1, 1; ^) + ^ (l, 0, 1> 1; ^ ) (G.230) 

G (-a, a^, 0, 1; l) = -^ir^H (-1, -1; - ^n^H (^0, -1; ^ j (G.231) 
+ ^TT^H (^0, 1; ^) - ^ (-1, 0, -1, -1; l^+H (-1, 0, 0, -1; ^ 

- 2H (^0, -1, -1, -1; - 2ii- (^0, -1, 0, -1; + 2il (o, -1, 0, 1; ^ 
+ AH ^0, 0, -1, 1; ^ j + 12i? ^0, 0, 0, -1; ^ - 12H ^0, 0, 0, 1; ^ 
+ 4H (o, 0,1,-1;^ -4H (o, 0, 1, 1; ^ + 4H (o, 1, 0, -1; ^) - (o, 1, 0, 1; ^ 

G (a, a^, 0, 1; l) = -^tt^H (o, -1; ^) + l^^H (o, 1; - ^tt^H (^1, 1; ^ j (G.232) 

- 2H (o, -1, 0, -1; + (o, -1, 0, 1; - AH (^0, 0, -1, -1; i 
+ 4i7 fo, 0,-1,1; i j + 12H fo, 0,0,-1; i j - 12i7 fo, 0,0,1; ^ 
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+ 4H (0,0,l,-l;i I +2/f I 0,1,0,-1;- 1 -iH | 0, 1, 0, 1; - 1 + 2ff 



(o,l,l.l;i) 



1 



+ 1,0,0,1;- l,0,l,l;- 



l 



G (-a, a\ 1, 0; l) = -H (^-1, -1, 0, -1; ^ - 2H (^-1, 0, -1, -1; ^ 
- AH ( -1, 0, 0, -1; - ) + AH ( -1, 0, 0, 1; - ) + 2H (0, -1, 0, 1; - 



(G.233) 



1 



1 



4if ( 0, 0, -1, 12H { 0, 0, 0, -1; - ) - 12H { 0, 0, 0, 1; 
+ 2i? (0,1,0,-1;- ) -2i/(0,l,0,l;- ) + 2iJ( 1,0,-1,-1; 



1 



+ 5H{ 1,0,0,-1;- ) -4iJ( 1,0,0,1; 



G (a, 1, 0; l) = -AH (^-1, 0, 0, -1; ^ + 5H (^-1, 0, 0, 1; ^ 



-2ii- -1,0,1,1;- -2/^ 0, -1,0,-1;- + 2i/ 0, -1, 0, 1; - 



+ 12iJ 0,0,0,-1;- - 12iJ 0,0,0,1;- + AH 0,0,1,1;- + 2/f 0, 1, 0, -1; - 



(G.234) 



1 



+ AH 1^1, 0,0,-1; -J -4il (^1,0,0,1;-J +2il (^1, 0, 1, 1; -J + ii" ( 1, 1, 0, 1; - 

G(-a,a2,l,l;l) = H (^-1,-1,-1,-1;^^ + h (^-1,-1,0,-1;^^ 



(G.235) 



-iJ -1,-1,0,1; 



1 



H (-1,0,-1,-1;-] -H [-1,0,-1,1; 



1 



-4ii- -1,0,0,-1;- +4ff -1,0,0,1;- -i? -1,0,1,-1 



1 



1 



1 



-fif -1,0,1,1;- -2// -1,1,0,-1;- -1, 1> 0,1; - 



i7(0,-l,-l,-l;- ) -i7 (0,-1,-1,1;-) -AH (o,-l,0,-l;i 



+ AH (^0,-1,0,1 
+ AH (^0,0,-1,1 
+ AH (0,0,1,-1 



1 



1 



^^(0,-1,1,-1;-^ (^0,-1, 1,1;- 
+ 12H [ 0, 0, 0, -1; - ) - 12H (o, 0, 0, 1; - 



4/^(0,0,1,1;^') - //To, 1,-1,-1;^ 



1 



+ H [0,1,-1,1;- )+6H{ 0, 1, 0, -1; - - 4i7 0, 1, 0, 1; - + 0, 1, 1, -1 



1 



1 



1 



if 0,1,1,1;- -2i? 1,-1,0,-1;- + ii 1, -1, 0, 1; - + if 1,0,-1,1; 



1 



1' 
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+ 5H [1,0,0,-1; ^j-4H (^1,0,0,1;-^) + H { 1,0,1,-1; -]- H ( 1,0,1,1; 
+ 2H [1,1,0,-1;-] -H (l,l,0,l;- 



G {a,a'', 1,1;1) =H (-1,-1,0,-1;^^ -2H (^-1,-1,0,1;^^ 

+ H (-1, 0, -1, -1; ^^-H (-1, 0, -1, 1; - 4H (-1, 0, 0, -1; ^ 
+ 5H (-1,0,0,1;-) -H (-1,0,1,-1;-) -H (-1,1,0,-1; ^ 



+ 2H [-1,1,0,1;- j + H [^0,-1,-1,-1;- j - H [0,-1,-1,1; - 
- 4H (o, -1, 0, -1; + 6H (^0, -1, 0, - H (o, -1, 1, -1; ^ 

+ H (o, -1, 1, 1; - 4H (o, 0, -1, -1; ^ + 4H (^0, 0, -1, 1; 
+ 12i? (0,0,0,-1; -) - 12i? (0,0,0, 1; -) +477(0,0,1,-1;- 



H[0,1, -1, -1; ^^+H (o, 1, -1, 1; + AH (o, 1, 0, -1; ^ 
4i? (0,1,0,1;^^ +H (^0,1,1,-1;^^ + H (^0,1,1,1;^ 
H [1,-1,0,-1;^^ + 2H (^1, -1,0, l;^j -1^(^1,0,-1,-1;^ 
+ H [1,0,-1,1;^^ +4H (^1,0,0,-1;^^ -4H (l,0,0,l;i 
+ H [1,0,1,-1;^) +H (^1,0,1,1;^) + H (^1,1,0,-1;^ 



-H [^1,1,0,1; -j + H [^1,1,1,1;- 
G(-a,a2,l,a2;l) = H (^-1,-1,-1,-1; + H (-1,-1,0,-1; 
-H (^-1,-1,0,1;^^ -7/(^-1,0,-1,-1;^^ -i?(^-l, 0,-1,1; i 
-4H (^-l,0,0,-l;ij +4H (^-1,0,0,1;^^ - H (^-1,0,1,-1;^ 
+ H (-1,0,1,1;^^ -2H (^-1,1,0,-1;^) + H (^-1,1,0,1; 
+ H (o, -1, -1, -1; l^-H (o, -1, -1, 1; - 2H (o, -1, 0, -1; 
+ 2H (o, -1, 0, 1; ^) - ^ f 0, -1, 1, -1; -)+H (o, -1, 1, 1; ^ 



(G.236) 



(G.237) 
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1 



1 



H{0,1, -1, -1; - + ii- 0, 1, -1, l;-\+2HlO, 1,0, -1; - 



1 



1 



1 



2iJ 0,1,0,1;- 0,1,1,-1;- 0,1,1,1;- 



1 



1 



1 



2if 1,-1,0,-1;- +i7 1,-1,0,1;- + 2i/ 1, 0, -1, -1; - 



1 



1 



+ H[ 1,0,-1,1;- +5H( 1,0,0,-1;- - 5H { 1,0,0,1; 



1 



1 



1 



+ 1,0,1,-1;- -i? 1,0,1,1;- +4i7 1,1,0,-1;- -2i? 1,1,0,1; 



1 



1 



G{a,a'',l,a^;l) =2H (^-1,-1,0,-1;^^ - 4H (^-1,-1,0,1;^^ 



(G.238) 



+ if -1,0,-1,-1;- -i? -1,0,-1,1;- -5ii- -1, 0,0,-1; - 



+ 5i/( -1,0,0,1; - ) - i? I -1,0,1,-1; - ) - 2if( -1,0, 1,1;- 



1 



-/f (^-1,1, 0,-1 

-h(o,-i,-i,i 

-h(o,-i,i,-i 



- +2iJ -1,1,0,1;- +i/ 0,-1, -1,-1;- 



1 



2iJ 10,-1,0,-1;- ) +2H [0,-1,0,1;- 



1 



+ ii'(0,-l,l,l;i ) - ii-IO, 1,-1,-1; 



+ H [0,1,-1,1;-] +2H[ 0, 1, 0, -1; - ) - 2iJ ( 0, 1, 0, 1; 
+ i7 (0,1,1,-1;- ) - ill 0,1, 1,1;- ) - if ( 1,-1,0,-1; 



+ 2H [1,-1,0,1;-] -H (l,0,-l,-l;-] + I 1, 0, -1, 1; - 



+ 4iJ 1,0,0,-1;- 1,0,0,1;- + 1, 0, 1, -1; - 



1 



1 



+ i7 1,0,1,1;- +iJ 1,1,0,-1;- -if 1,1,0,1;- +/f 1,1, 1,1;- 



1 



G{a,a,a,0;l) = if 0,1,1,1 



G{a,a,a,l;l) = H (^0,1,1,1 
G{a, a, a, a; 1) = if I 1, 1, 1, 1 



l^+H (^1, 0, 1, 1; ^) + (l, 1, 0, 1; ^) (G.239) 



+ if 1,1,1,1; 



(G.240) 
(G.241) 
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G{-a,a\a^l;l) = H (-1,-1,-1,-1;^^ +H (-1,-1,0,-1;^^ 

-] + H (-1,0,-1,-1;-) -H (-1,0,-1,1;- 
a J \ a J \ a 



(G.242) 



-H\^-1,-1,0,1 

-h(-i,o,i,-i 

-h(o, -1,-1,1 

-h(o,-i,i,-i 



-) +i/ (-1,0,1,1;-) - 0,-1, -1,-1;- 
a J \ a J \ a 

-] - 2H (o, -1, 0, -1; -] + 2H (o, -1, 0, 1; - 

a/ \ a / \ a 

-]+H (o, -1, 1, 1; -] - AH (o, 0, -1, -1; - 
+ AH (o, 0, -1, 1; i j + AH (o, 0, 1, "1; ^) " (o, 0, 1, 1; i 

- H (^0, 1, -1, -1; ^^+H (o, 1, -1, 1; ^) + ^ (o, 1, 1, -1; ^ 

- H (o, 1, 1, 1; - 2H (l, 0, -1, -1; - AH (l, 0, 0, -1; ^ 
+ AH (^1, 0, 0, 1; i j - 2H (^1, 1, 0, -1; + H (l, 1, 0, 1; i 

G(a,a^a^l;l) =-ij(^-l,-l,0,-l;^) +2H (^-1,-1,0,1;^) 
+ AH (^-1,0,0,-1;^^ - AH (^-1,0,0,1;^^ +2H (^-1,0,1,1;^ 
+ H (o, -1, -1, -1; l^-H (o, -1, -1, 1; ^) - (o, -1, 1, -1; 
+ H (o, -1, 1, 1; - AH (o, 0, -1, -1; ^ j + AH (o, 0, -1, 1; ^ 
+ AH (o, 0, 1, -1; - AH (o, 0, 1, 1; ^) - (o, 1, -1, -1; ^ 
+ H (^0, 1, -1, 1; + 2H (o, 1, 0, -1; - 2H (o, 1, 0, 1; ^ 
+ H (o, 1, 1, -1; ^^+H (o, 1, 1, 1; J) - ^ (l, 0, -1, -1; ^ 
+ H (^1,0,-1,1;^^ +ij(^l,0,l,-l;^^ -if (^l,0,l,l;i 
+ H (l,l,0,-l;^) - H (l,l,0,l;^\ +h(i,1,1,1;^ 



(G.243) 



H. The analytic expression of the remainder function 

In this appendix we present the fuh analytic expression of the remainder function. The re- 
sult is also available in electronic form from www . arXiv . org. Using the notation introduced 
in Eqs. (3.23) and (5.7), the full expression reads. 
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R. 



1 U2 - 



(H.l) 



rn'G 



1 — Ul' Ul + U2 
1 U3-I 



-1 / 24 \ni t(i + M2 / 24 \ui ui + us J 



24 



24 

3 
2 

1 



1 - M2 ' ■"2 + Its - 1 ' 
1 Ui - 1 

1 - M3 ' Itl + U3 - 1 ' 



1 



1 



24 



«2 «i + W2 
1 1 



1 



«3 Ml + «3 ' 



24 



U2 U2 + 

1 1 



;i + 



1 



U2 U2 + U3 
1 1 



;1 ) 0,0,— , 

3 
2 



1 



;1 + G 0,0,— , 



Ui Ul + U2 J 2 \ Ui Ui + Us J 2 \ U2 Ul + U2 

g(o,o,—,^—;i]+Ig(o,o,—,^—-a)+Ig(o,o,—,^—;1] - 



U3 Ul + Us 



1 



Us U2+Us' 



;i + 



Us U2 + Us 



-G 0,— ,0,— ;1 +G 0,— ,0, 



Ul U2 

G( 0,— ,0,^^ 

Ul Ul + Us 

11 1 



1 



Ul Ul + U2 



1 



1 



1 



G 0,— ,0,— ;1 



-Ul Us 



':G 



1 1 



1 



icfo,-,- 



«i ' «2 ' ni + n2 ' J 2 
1 1 \ 1 



1 



Ul Ul Ul + U2 
11 1 



1 



-GO, 



1 1 



1 



GO,-,-, 



G 0,— ,0, 

U2 Ul + ^2 



1 



Ul Us Ul + ti3 
1 



Ul Ul Ul + n3 
lG(0,-,0,-;l) + 



U2 Ul 



-G 0,— ,0,— ;1 +G 0,— ,0, 



:G 



1 1 



1 



U2 Ul Ul + U2 
1 1 1 



:G 



U2 Us 
1 1 



1 



U2 



U2 + US 



1 



U2 U2 Ul + U2 



;i 



-GO, 



1 1 



1 



U2 U2 U2 + Us' 



;i - 



^G(0,-,-, , 

U2 Us U2 + Us 
U2 - 1 1 



1 



;1 +-G 



G 



4 

,0:1 



U2-I 



,0, 



Ul + ti2 " 1 1 — Ul 



1 + 



rG 



Ul + U2 — 1 1 — Ml 

n2- 1 1 

^^1 + ""2 — 1 ' 1 — ^^1 ' 1 — ^^1 



1 



GO, 



U2 - 1 



Ul +U2 — 1 1 — Ml 



rG 



U2-1 



U2-1 



1 



^il + 1*2 — 1 ' 1*1 + 1*2 — 1 ' 1 — ' 



1 - 



1 



1 



1 



Us Ul 

G( 0,— ,0,^^ 

Us U2 + Us 
11 1 



-G 0,— ,0,— ;1 --G 0,— ,0,— ;1 +G 0,— ,0 



-G 



Us U2 
1 1 



1 



Us 



Ui+Us' 



;i + 



1g(o,-,-, 



^G(0, 



Us Us Ul + Us 
Ul — 1 

.0, 



' Us Ul Ul+Us 

1 



1 



-GO,-,-, 



Us Us U2 + U3 



2 



GO, 



1 1 



U3 ' U2 ' U2 + U3 ' 



1 - 



1 



G 



1 



Igio 



ui+us-l I - Us' 

Ui-l 1 



1 



ui + us — l I — Us 

Ul — 1 Ul — 1 



1;1 ) +^G( 0, 



Ul — 1 



1 



,0;1 



ui + us-l' I - Us 

Ul - 1 1 1 

+ ■U3 — 1 ' 1 — 1*3 ' 1 — "Us 



ui+us-l' ui+us-l' l-us 



tG[0, 



U3 - 1 



,0, 



U2 + US-1 1-U2 



;i + 



G 



U3 - 1 



«2 + 1*3 — 1 ' 1 — ""2 



,0;1 



1 



GO, 



U3 - 1 



U2 + Us — 1' 1 — U2 



:G 



U3 — 1 



1 



U2 + Us - I' 1 - U2' 1 - U2' 

\g(-^,i,-,0;i)+Ig 

4 \ 1 — Ul U3 / 2 



rG 



U3 — 1 



U3 — 1 



1 



1 — Ul ' 1 — Ul ' ' 1 — Ul 



U2 + Us - I' U2 + Us - 1' I - U2' 



1 - 



-99- 



1 



G 



1 



G 





1 


112-1 




1 


- ""1 


Ul + U2 - 


1 




1 


■^2 — 1 




1 


- Ul 


U1+U2 - 


1 




1 


U2 - 1 




1 


- Ul 


U1+U2 - 


1 




1 


U2 — I 




1 


- til 


U1+U2 - 


1 




1 


U2-I 




1 


- Ul 


U1+U2 — 


1 



,0,1;1) --G 



1 

— ( 
4 

,1,0;1) -^G 



1 



^2 — 1 ^ 1 . 

,0,, ;1) + 



-Ul / 4 

L + W2 - 1 / 
U2 — I 1 



1 — IXl ' + M2 ~ 1 ' ^ 1 — Ul 

1 + 

1 — Ul «i + 1(2 — 1 1 — 

1 U2-I 1 



1 — Ml ' Itl + U2 — 1 ' 1 — f^l ' 1 — 1*1 



;i 



;i - 



1° 



;1) -G(-,0,0,-;1) + 

— ,0,0,^^;!) -g(—,0,0,—-i)+1;g(—,0,0,^^ 

Ul U1+U2 ) \Ui U3 / 2 \Ui ltl+M3 

1 1 I \ l^/l I I \ l^/l I 

-,0,-,^^;l -,0,-,^^;l -,0,-,^— - 

Ul Ul Ui+n2 / 4 \Ul Ml M1+U3 y 4 \Ml M2 M1+M2 

1 1 1 \ 1^ / 1 1 \ 

— ,0,— ,^^;1 -tG ,1,— ,0;1 + 

Ml Ms Ml + Ms / 4 \ 1 - M2 Ml / 

1 1 1 A 1 



1 



1 



G 



1 



G 



1 


- M2 




1 


1 


— M2 




1 


1 


- M2 




1 


1 


- M2 




1 


1 


- M2 




1 



,1, — - — ;i + -G 1 , 

1 - M2 1 - M2 / 4 \ 1 - M2 M2 + M3 - 1 

(/.-( — 1 ^ 1 ,A,i^/ 1 ^3 — 1 



1 



Ms - 1 



M2 + Ms — 1 ' ' 1 — M2 ' y ^ 4 ^ 1 — M2 ' M2 + Ms — 1 



;1 



-G 



,0,1;1 

,1,0;1 



1*2 + 1*3 - 1' 1 -■"2'"' ) ' 4 \1 - M2' M2 + Ms - 1' 1 - ■U2 
^^3-1 1 1 ,^ 



,1:1 



lt2 + 1t3 - 1 ' 1 - ?^2 ' 1 - 1*2 ' 
Ms — 1 Ms — 1 , 

,i;i + 



1*2 + 1*3 - 1 ' ■«2 + ■"3 - 1 

Ms - 1 ■Us - 1 1 



1 - M2 ' M2 + Ms - 1 ' M2 + Ms - 1 ' 1 - M2 
1 



;l) -G( — ,0,0,— ;l) + 

U2 Ul J 

^ ;i 



Ig( — ,0,0, 



,0,0,^^;1)-G(— ,0,0,— ;l) + ^, , 

M2 M1+M2 / \U2 Ms / 2 \M2 M2 + Ms 

1 1 1 \1_/1 1 1 \1^/1 1 1 

-,0,-,^^;l --G -,0,-,— — ;1 --G -,0,-,^^;] 

M2 Ml M1+M2 / 4 \M2 M2 M1+M2 / 4 \M2 M2 M2 + M3 
1 1 1 \ 1^ 1 1 \ 

— ,0,— ,^^;1 - -G ,i,_,0;l + 

U2 Us U2+U3 J 4 V 1 - Ms M2 / 
1 1 1 \ 1 / 1 



1 


- U3 




1 


1 


- Ms 




1 


1 


- ^^3 




1 


1 


- Ms 




1 


1 


- Its 




1 


1 


- M3 



+^G(-^, \ ,0,1;1 

1 — Ms 1 — Ms / 4 \ 1 - Ms Ml + Ms — 1 

Ml - 1 1 \ 1 ^ / 1 ni - 1 

,0,- ;1 +tG , — ^ 7,1,0;1 - 



■Wl + 1*3 - 1 ' ' 1 - ^^3 ' / 4 \ 1 - Ms ' Ml + Ms - 1 



+ 'W3 — 1 ' 1 — Ms ' ' J ' 4 \ 1 — Ms ' Ml + Ms — 1 ' 1 — Ms ' 

ni-1 

■Wl + 1i3 - 1 ' 1 - ■"3 ' 1 - ■"3 ' 

ui-1 Mi-1 ^ \ _ 797r^ ^ 

Ul + U3 — 1' Ul + u^ — 1^ ' / 360 

Ml — 1 Ml — 1 1 A „/l 



1:1 



^— , - ^ - -,0,0,-;l - 

1 - Ms Ml + Ms - 1 Ml + Ms - 1 1 - M3 / \ Ms Ml / 
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Gf-,0,0,-;l' 



1 



^3 Ui +U3 I "> 



4 \U3 Us 

8 



Ul ' U1+U3 



8 

1 

4 

1 



1 


- Ul 




1 


1 






1 



/ 4 \ 7i3 n2 U2 + Us J 4 



1 1 \ 

— ,0,0,^^;1 - 
"3 U2 + U3 J 



U2 + U3 
V132; 1 I 



V231; 1 



4 V 1 - U2 

1^ ^ 1 

-a 0,0,- , 

4 V 1 - Its 

^0,0,t;i32, 









1 


1 


- U2' 




1 


1 


- ^3' 




1 



/ o \ J- — "-2 / 



«2i3; 1 



-VI y , "312, -L -71 y \ , V312, -L -r 

4 VI - ■"3 /8 VI - ■"s / 

1 ^ / 1 \ ^ , 



4 \ i-n2 y4 \ i 

1^ +a(0,0,i;2i3,0;l)-^g(^0,0, ^ 
\ 1 / 1 \ 



,^'312; 1 I - 

I-U3 J 



^^321,0; 1) - 
— — ,0,ui32; 1 ) - 

-Ul J 




(^0,Mi23, 
^g f0,Ui23, 



, , i;n - -g [ 0,«i23, , ; i - 

1 — Ml / 4\ 1 — Ul 1 — Ul J 

' — I 7'^'^ +7^ o,ui23, — ■ ;i - 

U1+U2 - I ) 4 V Ml + ?i2 - 1 1 - / 

, — , 0; 1) - -g f 0, U231, 0, 1) - \g f 0, U231, — , 0; \ 

U3 y 4 V 1 - M2 / 4 V Ul J 
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7^ (0,U231, zr^ ,0;1 ) + (0,U231, zr^ , 1; 1 ) - 7^ (o,n231, rr^ , rr^ ; 1 ) - 

-;Q 0,1X231, ■ r, +-G [ 0,U23i, : 7, ; 1 - 

4 V ^2 + n3 — 1 / 4 \ ii2 + 113 - 1 1 — ""2 / 

]q (0, U312, 0, 1) - ]g (0, «3i2, — , 0; 1) - ]-g (0, U312, 0; A + 

4V l-tt3/4V U2 J A \ I-U3 ) 

\^ (°' xh^ " '''''' r^' r^' ') " 

\q { 0, .312, 1; 1) + f 0, .312, + 

4 V Ui + ti3 - 1 / 4 \ Ui +U3 - I 1 - U3 J 

^a(o,.,23,0,^;l) -lg(o,. ,23,1,^; 1) +^a(o,. ,23,^,0; 1) - 

7^ f 0, i;i32, 0; l) - ]g (o, V132, l) - \q f 0, ^;2i3, 0, - 

4\ 1 — ui / 4\ \ — u\\ — u\) 4\ I — U2 J 

7afo,i;2i3,-^,0;l) --G Uv213,—^,—^;i]+\q f 0, ^;231, 0, - 
4\ I-U2 J A \ I-U2 I-U2 J A \ I-U2 J 

\gU,V23i,l,—^;l \ + \q fo,«23i,-^,0;l') - \g fo,t;23i,-^,l;l') + 

]g (o,V23i,-^,-^;l] + \q fo,i;3i2,0,-^;l') -\g Uv3i2,l,—^;l] + 

]g (0, V312, T^,0; l) - \g f 0, ^;312, 1; \ \ + 7^ f 0, t;3l2, rp^, l) - 

4V 1-1*3 /2V l-'Us /4V I-M3I-M3/ 

7^(0, 1^321, 0,-^;l) -\g fo,i;32i,-^,0;l') - 7^ fo, 1)321, - 

4V i-ti3y4V 1-W3 /4V i-ti3 1-1*3/ 

7a(-^,0,0,i;i23;l) - \g (-^,0,0,i;i32;l) - \g ( 0, i;i23; 1 j - 
4\1 — tti ) 4\1 — ui ) 2\1 — ui 1 — ui / 

\g f 0' ^132; 1) - \g f 0' ^123, i; 1) - 

2 \\ — u\ \ — u\ J 4\1 — ui / 

7af-^,0,i;i23,:p^;l') - \g f-^,0,i;i32,l;l') - 
4\1 — iti 1 — ui J 4\1 — ui / 

\g i-r-^ — ,0,^132,-^^ — ;i ) - \g (—^ — ^—^ — ,0,ui23;l) - 
4\1 — Ml 1 — ui/ 2 \l — ui 1 — ui J 

1 / 1 1 \ 3^/ 111 \ 

7^ ,0,?;i32;l - 7^ , , 1^123; 1 - 

2 \1 — till — iti J A \1 — nil — till — Ml / 

3^/1 1 1 A 1^ / 1 1 \ 
-iQ --. , , , 1^132; 1-7^ , , i;i23, 1; 1 - 

4 \1 — Mil — Mil — Ml / 2 \1 — Mil — Ml / 

1/1 1 1\1/1 1 \ 

7^ ,^123,:; ;1 - 7^ ,- ,Ui32,l;l - 

4 \1 — Mil — Ml 1 — Ml / 2 \1 — Mil — Ml / 

\g i-r— '^132,-^^ ;l) - \g (—^ ,Mi23,0,l;l) + 

4 \ 1 — Ml 1 — Ml 1 — Ml / 4 \ 1 — Ml J 

-.g --. ,ui23,0, ;1 ]- -.g\ ,wi23,l,0;l + 

4\1 — Ml 1 — Ml / 4\1 — Ml / 

\g \ -r-^ — ,^^123,:;-^^ — ,0;l) - \g [—^ — , 1*123, ^r" — '^'^l + 

4\1 — Ml 1 — Ml / 4\1— Ml 1 — Ml / 
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is 



\9 



1 






1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


- Ul 




1 


1 


— U2 




1 


1 


- U2 




1 


1 


- U2 




1 



1 U2-1 ^ \ 

4 \ 1 — Ml 1 — Ul 1 — Ul J 4 \ 1 — ?ii lii + ^2 — 1 / 

1^/1 U2-1 1 1 \ 

-.y , «123, 7, ; 1 + Tfc' ' ""123, — , 0; 1 + 

4 \1 ~ Ul til + «2 — 1 1 — Ul y 4 \ 1 — ?ii M3 / 

7^ f-^, ^^123, 0, 0; l] - -g (—^^vi2z, 0, 1; + -Q f-^, ^123, 0, 1 
4\1 — Ml / 4\1 — Ml J 4\1 — Ml 1 — Ml 

\q [rr-^ ,^^123, 1,0; 1 ] - { , t;i23, 1, t-^^ ; 1 ) + 

4\1 — Ml / 2\1 — Ml 1 — Ml/ 

7af-^,i'i23,-^,0;l) -\g ('-^,mi23,-^,1;i') + 

4\1 — Ml 1 — Ml / 2\1 — Ml 1 — Ml / 

I ^ f I 1 \ 

,^^123, , ; 1 + Tt' ,^132, 0,0; 1 - 

1 — Mil — Ml / 4\1 — Ml / 

,wi32,0,l;l) +\q {—^ — ,^^132,0,-^^ — ;1 ) - -Q i—^ — ,mi32,1,0;1 

/ 4 \1 — Ml 1 — Ml / 4 \1 — Ml 

, ^^132, 1, ; 1+7^ ~^ ' ^132, , 0; 1 - 

1 — Ml / 4 — Ml 1 — Ml / 

,?^i32, z , 1; 1 + -y ,fi32, z , z ; 1 - 

1 — Ml / 4 V 1 — Ml 1 — Ml 1 — Ml / 



1 /l 1 \ l / i i i \ 

,vn2,-. ,1;1 +7^ z. ,t'i32,T ;1 - 

2 \1 — Ml 1 — Ml / 4 \1 — Ml 1 — Mil — Ml / 

\q(—^,Q,^,v2i^;i \ - \q f-^,0,0,M23i;l') - \q (-^,0, -^,^213; - 

4\1-M2 / 4^1- M2 / 2\1 — M2 1 — M2 / 

\q f 0' ^23i; 1) - \q f 0' ^213, 1; i") - 

2^1- M2 I-M2 / 4^1- M2 / 



,0,M23i,l;l ) - 

,1-M2 J 

1 , ,0,^213; 1 I - 

\ 1 - M2 1 - M2 / 
/111 \ 

\ 1 - M2 1 - M2 1 - M2 / 

- -G I -. , z , M213, 1; 1 I — 



2 \l-M2l-M2 / 4 \l-M2l-M2l-M2 ) 

3^/1 1 1 \ 1^ 1 1 ^ 
-;y >i ,1 ,^'23l;l - 76- 1 ,M2i3,l;i 

4\1-M2l-M2l-M2 / 2VI-M2I-M2 J 

1/1 1 1\1/1 1 \ 

7^ z. ,^^213,:; ;1 ~ 7^ ^ z. ,?'231,1;1 

4 \l-M2l-M2 1 — M2 / 2 \l-M2l — M2 J 

-zQ ( ,1^231,:; ;1 I - -zQ ( ,^231,0,1;! I + 

4VI-M2I-M2 I-M2/ 4Vl-M2 / 

-zQ z. ,M23i,0, ;1 - 7^ ,M23i,l,0;l + 

4V1-M2 I-M2/ 4V1-M2 / 

-zQ z. ,M23i, — ,0; 1+7^ ,^^231, ,0; 1 - 

4^1- M2 Ml / 4\1-M2 I-M2 / 

1/1 1 \1/1 1 1^ 

-zQ z. ,W231,:j +7^ ,W231,:j , rj 'A 

4 \1 — M2 1 — M2 / 4 \1 — M2 1 — M2I — M2 

7^ z. ,^231, ■ r,l;l - 7^ ,^^231, ■ r 

4 \ 1 - M2 M2 + M3 - 1 / 4 V 1 ^ ''^2 M2 + M3 - 1 



+ 



4 \i — M2 i — M2 / 4 \i — M2 i — M2i — M2 / 

-.y z. ,^231, ■ r,l;l - 7^ ,^^231, ■ r, ;1 + 

4 \ 1 - M2 M2 + M3 - 1 / 4 V 1 ^ ''^2 M2 + M3 - 1 1 - M2 / 

\q ( :r^' ^213, 0, 0; 1 ) - -g ( M213, 0, 1; 1 ) + -G ( M213, 0, -^; 1 

4 V 1 - M2 / 4 \ 1 - M2 / 4 \ 1 - M2 1 - M2 y 

-zQ ( ,^^2i3,l,0;l I - -g ( ,^213,1,:; ;1 ) + 

4\1-M2 J 2 \l-U2 I-U2 J 
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1/1 1 1 \ 

7^ ,^^213,:; ,0;1 - 77^ ,^^213,:; , 1; 1 + 

1 1 1 \ 1 A 

-iQ ,^^213, , ; 1 + 7^ ,^^231, 0,0; 1 - 

A \l~ U2 I — U2 I -U2 J A \1 — U2 J 

]q(-^,v23i,o,1;A (-^,v23i,o,-^;i) -]g (-. 

A \l-u2 J A \l-u2 I-U2 J 4\. 
:; ,^^231,1,:; ;1 +7^ >^^231,:; , 0; 1 - 



1 


- U2 




1 


1 


- U2 




1 


1 


- U2 




1 


1 


- U2 




1 


1 


- U2 




1 


1 


- U3 




1 


1 


- Us 




1 


1 


- U3 




1 



-;G[- ,^;23i,0,l;l +-a ,^^231,0,- ; 1 - 

A \1 — U2 J A \1 — U2 1 — U2 J 4^1 — 1 

1^^ 1 1 \ 1^^ 1 1 \ 

7^ ,^^231,1,:; ;1 + 7^^ ,^^231,:; , 0; 1 - 

2 \l -U2 1 — U2 J A \1 ~ U2 1 — U2 J 

7^ ,^'231,-; +7^ ,^^231,:; , ;1 " 

2 - ""2 1-^2 / 4 Vl-^2 1-U2 l~U2 J 

\q (-^,0,0,^;312;1 j - \q (-^,0,0,i;32i;l j - \q 
A \l-u3 J 4 V 1 - ^'3 / 2 \l-u3 

7,0 i r. ,0, ,V32i] l] - -Q [ ,0,?;3i2,l;l ) - 

I- Us / 2 



— ,^^23i,l,0;l ) - 
1-U2 I 



i 1 \ 

, 0, ,^312; 1 - 

1 - U3 1-1*3 / 



. . ,0,t;32i,l;l ) - 

4\1 — M3 1 — Us J 4\1 — n3 / 

\q (rr^ ,0,^321,-^^ ; 1 ) " \q ( , ,0,U3i2;l) - 

4 VI -^3 ^-us J 2 \l- Us I -Us J 

1^/1 1 \3^/l 1 1 \ 

7^ ,0,?;32i;l - 7^ l ,^^312;1 - 

2 VI - ^3 1-1*3 / 4 Vl~^3l-«3 1-1*3 / 

7^ [--, '1 ,^^32i;l ) - -Q [- ,u3i2,l;l ) - 

4Vl-'"3l-^^3l-^t3 / 2 VI - ""3! - -"3 / 

1/1 1 1\1/1 1 \ 

■jy > \ >^^3i2, ; 1 - 7^ , Tj ,1^321, 1; 1 - 

4 VI - ^3 1-^*3 1-'W3 / 2 VI - "3 1-1*3 / 

-.Q ( ,1^321,:; ;1 I - -.Q ( ,1x312,0, 1;1 I + 

4 V 1 - 1x3 1 - 1*3 1 - 1*3 / 4 V 1 - 1*3 / 



1 


- 1*3 1 


- 1*3 




1 


1 


1 


- 1*3 1 
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1 


1 


1 


-1*3 1 


- 1X3 




1 


1 



\q \ -r— — — )i'32i,-^^ — ;l) - \q [—^ — ,1X312, 0,l;l) + 
A \\-us \-us 1-1*3/ 4 VI - 1^3 / 

-.Q --. , 1X312, 0, ; 1-7^ ,1^312, 1, 0; 1 + 

4Vl-i'3 1-1*3/ 4Vl-'"3 / 

-{Q ,1*312, — ,0; 1 + ,1x312, , 0; 1 - 

4 V 1 - ""3 1*2 / 4 V 1 ^ 1*3 1-1*3 / 

1/1 1 \ 1^ / 1 1 1 ^ 

7^ ,1*312, , 1; 1 + 76^ ,1*312, , i 1 

4 VI - 1*3 1-1X3 / 4 VI - 1*3 1-1*3 1-1X3^ 

-iQ ,1*312, ■ r,l;l - 7^ ,1*312, ■ r 

4 V 1 - 1*3 1*1+1*3-1 / 4 V 1 - 1*3 lii + 1*3 - 1 

-^,i;3i2,0,0;l) --G[—^ 
vl-1t3 / 4V1-^ 



+ 



T ,1*312, — ■ ;l + 

1-1*3 lii + 1*3 - 1 1 - 1*3 / 



-1'1-113' J 

1 \ 

— ,1-312,0, ; 1 - 

1*3 1 - 1x3 / 



7af:r^' ^312,0, Oil) - ^af-^, 1^312, o.ia) +-g {-^ 

4Vl-i*3 / 4Vl-i*3 / 4V1-1 

-iQ ( ,1^312, 1, 0; 1 I - -G[ ,1^312, 1, ; 1 ) + 

4V1-1*3 / 2V1-1*3 1-1*3/ 

1^/^ 1 1 \ 1^^ 1 1 \ 

-iG --. ,1^312, Tj , 0; 1 - ,1^312, , 1; 1 + 

4 VI - 1*3 1-1*3 / 2 VI - 1*3 l-1t3 / 

-.Q ( ,1^312, , ; 1 ) + 7^ ( ,1^321,0,0; 1 ) - 

4V1-1*3 l-1X3l-1X3/4Vl-1*3 / 

-.Q ( ,1^321,0,1; 1 ) + I ,1^321,0, ;1 I - -Q I ,1^321, 1,0; 1 

4Vl-i*3 /4Vl-i*3 1-1*3/ 4V1- 1*3 

7^ , 1^321, l,:i ;1 I +7^ ( , 1-321, rj , 0; 1 ) - 

2 VI - 1*3 1-1*3/ 4 VI - 1*3 l-1t3 / 



- 104 - 



--. ,^^321, 

.1 - «3 



l-«3 J A 

1 \ 1 . / 1 



1 1 1 \ 

1 - M3 1 - Us y 

1 



(".23,0,^.l;l)+^5(«m,l,0,^;l)- 



4 \ 1-^2 / 



0,:^ ;1 --^ ^231,1,1,:^ ; 1 + U231, 1, , 0; 1 - 

('^;23i,l,-^,-^;l^ +ig L^ZX^-^^^A^l] + 

-^v l-n2 / 2\ 1-^2 1 — ^^2/ 2 \ \-U2 ) 
i:Q \ ,1,0;1 ) - -Q \ v2z\,- I + I ^231,:; ,1,:; ;1 I + 

\q f t'231, rr^' + \^ f^3i2, 0, 1, 1) + \q f i;3i2, 0, 1; l) + 

^aff3i2,l,0,-^;l') --Q ft;3i2,l,l,-^;lV^^ fi;3i2,l,-^,0;l) - 
2V 1-^3/ 4V 1-1*3/ 2V 1-1*3 / 

\q ( f3i2, 1, 1; 1 ) + \q U312, 1, 1 ) + U312, 0' 1; 1 ) + 

4V 1-1*3 /2V l-'U3l-U3y2V l-«3 / 

\q f 1^312, 1, 0; 1) - \q f t;3i2, 1, 1; 1) + \q {vzv2. 1, 1) + 



1 \ 0^ 

1-1*3 / 4 

1 1 \ ^r. 

1 — '1 — 'I'M -7^ 

1 - lis 1 - M3 / 4 
3 



1 \ 1^ 

,l,l;l 

1 — n3 / 2 

(-321,l,l,Y^;l)-^e ^1^321,1, 

G(0,-,^^;l')i?(0;ui)- 

+ ti2 / 



2" V l-^^3' l-«3 y 

7^ f 1^321, 1, 1; iV 7G ( 0, -, 1 I a (0;ui; 

4 V 1-1*3 / A \ U\ U\^U2 ) 

-G f 0, -, \\ H (0; ui) - -G f 0, -, l] 1 

A \ ui ui + u^ J A \ U2 U1 + U2 J 



1 ^ 1 ^ ^^'3 / 

:r^>i;i' 

1-1^3 / 



\ Ui+ J 4 \ Ui + ?i3 — i i — 1*3 / 

' (»• T^' ') » (»^ «.) - |g (-. 0, 1) 

V 1^2+1*3-1 1-1^2 / 4 \tti ttl+'U2 / 

' f-,0, lV(0;«i) + \g f-, -, l) H (0;t 

/II 1 \, ,1/11 1 \, 



-G 1 — ,u, ■ , i ] 11 y\j, ai) -r -<-^ 1 — , — , ■ , i I 11 yjym) -r 

4 iii + ii3 / 2 \ui ui U1+U2 J 

1/11 1 \ , ,1/11 1 \ , 
-G -,-,^^;l i^O;txi +7G ;l i?0;«i + 

2 \Ul Ul Ul+U^ J 4 U2 1*1+1X2 / 

-G (-, -, l] H (0; «i) - -G f-^, 1, -; l) H (0; m) + 

4 \ Ml ti3 til + ti3 y 4 \ 1 - tl2 1*1 / 



""y^ ^ ,-^;l)g(0;ni) + 

til + IJ3 — 1 1 — 1*3 / 
1/1 1 \ 

ii'lOiUi)- 
— ,^^;l) i?(0;txi) + 

til 1*1+1^2 / 
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\g f-^, \ , 1; l) H (0;«i) - 

4 \ 1 - U2 lt2 + Its - 1 / 

\g f-^, "^^"^ ^ , l) (0; m) + \g 0, -; l) (0; u,) - 

f-, 0, l) i7 (0; ui) + -g(-, l) (0; ui) + 

4 \ 1 - M3 iti + - 1 J 4 \ 1 - ^3 iti + n3 - 1 1 - ua / 

4 VI - W3 tti + U3 - 1 Ml + n3 - 1 y 2 \U3 Ml / 

f-, 0, l] H (0; Ml) + ]g (-, -, l) H (0; mi) + 

4 Vm3 M1 + M3 y 4 v^3 ui M1 + M3 y 

(O' ""i^s; 1) (0; ni) + (^0. t;i32; 1^ H (0; m) + 

r=^' ^ ''''' ~ (°' ^ ""'^ ^ 

(O' 13^' ^312; 1) H (0; Ml) - (0, ^J— , M321; 1) H (0; mi) - 

^g (0, M231, — ; 1 ) H (0; Ml) - ]-g (0, M231, 1 ) H (0; Ml) + 

4\ Miy 4\ i-M2y 

7^ (o, mu, -r-^; l) H (0; Mi) - ]g (o, M312, ""''^ A H (0; mi) + 

4 V 1 - 1^3 y 4 V Ml + M3 - 1 y 

\q (0, M123, 1) (0; Ml) + ^g [q, 1-132, 3-^; 1) H (0; mi) - 

\g f 0, t;23i, 1) H (0; mi) + f 0, 1^312, (0; mi) + 

2V i-'"2y 2V 1-^*3/ 

\^ (r^' °' '''''' ^ ""'^ ^ \^ (r^' °' ^ ""'^ ^ 

i-r—^ ^^,^^123; 1) (0; ui) + \g (—^, f 132; 1) /i" (0; Ml) + 

2\i — Mil — Ml y 2\i — Mil — Ml y 

7^ f-^, ^;i23, 1; 1) H (0; Ml) + -g (—^,vi2z, -7-^-^ ^ (0; «i) + 
4 \i — Ml y 4 \i — Ml 1 — Ml y 

\g (—^,vn2, 1; 1) H (0; mi) + -g ("-^,^132, l) (0; mi) + 

4\i — Ml y 4\i — Ml 1 — Miy 

\q (rr^' 0' ^213; 1) H (0; Ml) - ^g (y^' 0' ^231; 1) (0; «i) + 

7^ f ^213; 1) H (0; Ml) - \g f-^, ?^23i: H (0; mi) - 

2V1-M2I-M2 y 2V1-M2I-M2 y 

7^ ( ^X23i, 1; 1 ) H (0; Ml) + -g ( M231, — ; 1 j H (0; mi) + 

4V1-M2 y 4\i-M2 wiy 

7^ f-^, n23i, 1) H (0; mi) + -g f-^, M213, 0; l) (0; mi) + 

4\i-M2 i-M2y 4vi-'"2 y 

\q ( :r^' ^213, :r^; ^ (o; ^i) - 7^ ( ^231, o; 1 ) (o; mi) - 
2V1-M2 i-M2y 4\i-M2 y 

\q f :r^' ^231, rr^; ^ "i) + 7^ fr^' 0' ^312; 1) (0; Ui) - 
2\i-M2 i-M2y 4^1- M3 y 
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1 _ 



1 



^ ,0,i;32i;lj i?(0;ui) + ^a 



1 


- 1*3 




1 


1 


- U^i 




1 


1 


- W3 




1 


1 


- U3 




1 


1 





1 



1 



W312; 1 ) (0;ui) - 



-^,i;32i;l)ii'(0;«i)-^a 
- Ua / 4 



1 — ?i3 ' 1 — 1X3 

^ ,W3i2,0;l ) i^(0;ni) - 



1 - U3 



,^;3i2,0;l ) H{Q;ui) + -G 



1 



,1^312, 



«3i2,^^^;lV(0;ni) + 
^ ;l)i?(0;^xi)- 



4" 
1 

— ( 
4" 

1 



7^^ «123,1, 



,^7321,0; ij i7(0;ui)--g 
1 



G ( fl32,l, 



^ ( 1^213, 1, 



1 — Ui 
1 

1 — Ui 

1 

1 - ti2 



;1 ) //(0;ni) + -g (t;i23, 



1 — U3 1 — ^3 

I-U3 I-U3 ) 

^ ,l;l') ff(0;«i) + 



;1 i7(0;ui) + -a h;i32,^ ,1;1 i?(0;«i) + 



1 (0; + -g t;2i3, , 1; 1 (0; «i) - 



|g (^^231, 1, 1) ^ (0; ^1) - \q (^231, i; 1) ^ (0;«i) + 



^ ( 1^312, 1, 



4' 

( 1^321,1, 



1 



0,-, 



1 

1 - -"3 
1 

\-U3 
1 1 



1 (0; ux) + i;3i2, , 1; 1 (0; «i) - 



1 






1 


1 


- 




1 


1 


- U2 




1 


1 


- U2 




1 


1 


- M3 




1 



1 ) i7 (0; ui) - -a ( 1^321, 1; 1 ) (0; ui) 

1 1 



G 



Ml «i + lt2 
1 1 



' ti2 ' ll2 + 1*3 



«3 U2 + Uz 
1 U2 - 1 



1 ) (0; M2) - ( 0, — 1 ) (0; n2) 

' 4 V «2 «l + «2 / 

1 _. /_ U2-\ 1 

4 \^ ' «i + M2 — 1 ' 1 — 1*1 

1 ) ff(0;M2) + 7Gfo, ^ ^ ,:p^;l)ij'(0;n2: 



1 ii'(0;u2)--G 



1 Wf(0;u2)- 



Ml + 7i3 — 1 1 — -^3 ' 



1 - Ml ' Ml + M2 
1 M2 — 1 



-, 0; 1) H (0; M2) + jG f \ , l) (0; M2 

1 ) 4 \1 — M1M1 + M2 — 11 — Ml / 



' ?— ^' 1 ) ^ (0; ^2) + ^G ( -, 0, -; 1 ) (0; M2) - 

1 — Ml Ml + M2 — 1 Ml + M2 — 1 / 2 V '"l '"2 / 



0, 



4 \Ml ' ' Ml + M2 



;1LH-(0;m2) + -G — ,— , 



G 



1 



-,0, 



M2 Ml + M2 
1 1 1 



1 1 



;1 W^(0;m2)--G 



■^;l')i?(0;M2) 

+ W2 ) 



1 



M2 Ml Ml + M2 
1 1 1 



;1 W/(0;«2) + 7G -,- 



Ml M2 Ml + 

— ,0,^^;l)i^(0;M2) + 

M2 M2 + M3 
1 1 1 



Ig 



M2 M2 M2 + M3 

1*2 ' 

Ml — 1 



1 



;1 i/(0;M2) + -G 



M2 M2 Ml + M2 
1 1 1 



;1 /f(0;M2) + 



;1 iI(0;M2) 



^M2 M3 1X2+1*3' 

\g (-r^. 1, -; 1) H (0;i*2) + ^G f-^, "1^"^ 1; 1 ) if (O; M2) - 

4 \ 1 - M3 M2 / 4 \ 1 - M3 Ml + M3 - 1 / 



4 V 1 - M3 ' Ml + M3 



-G -,0 



, , ^;iW(0;m2) + 2G 
M3 M2 + M3 y 4 



T, :r^; ^ "2) + ^G ( — , 0, — ; 1) (O; M2) - 
1 1-1*3 / 2 Vit3 1*2 / 
. 1 „ / 1 1 1 A . 



1*3 1*2 M2 + M3 



;1 i/(0;«2) + 
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(O' rr^' ^213; 1) H (0; U2) + (^0, i;23i; 1) H (0; ^2) - 

7^ (0, -^,vsi2; 1] H (0; U2) + f 0, V32V, l] H (0; U2) + 

\q f 0, t/123, 1) a (0; ^2) - f 0, ni23, "1'"^ a (O; ^^2) - 

7^ (0, «3i2, — ; 1 ) ^ (0; U2) - -Q (0, U312, 1 ) /i" (0; n2) + 

\q (0, t;i23, 1) ^ (0; ^^2) + (0, 1-213, ^3^; 1) ^ (O; ^2) + 

7^ f 0, i;23i, 1) (0; U2) - \q f 0, 1.312, (0; 1x2) + 

\q 0' ^123; 1) ^i' (0; U2) - \q (3-^' 0, i;i32; 1) B (0; U2) + 

f :r^' ^123; 1) H (0; «2) - \q f ^132; 1) ^ (0; U2) - 

]0 (-^,ui23, 0; 1) H (0; U2) - -G ("-^,1^123, ^ (0; U2) + 

4\1 — ui / 4\1 — ui \ — ui J 

]q (-^,ui23, ""'"^ ■, l) H (0; U2) + -Q (—^,vi2z, 0; \\ H (0; U2) + 
4\1 — til U1+U2 — I J 4\1 — ui / 

\q f :r^' ^123, rr^; l] H (0; ^2) - \q f ^^132, 0; H (0; 1X2) - 

2\1 — Ml 1 — ui J 4\1 — «i J 

\q f-^, ^132, (0; U2) + \q f-^, 0, i;2i3; H (0; 1x2) + 

]g ( 0' ^23i; 1 j H (0; 1x2) + Ig ( -^,^^213; 1 J (0; 1x2) + 

4\1-1X2 / 2Vl-^2l-'"2 / 

Ig f ^23i; 1) H (0; 1x2) + ]g (-^,V213, 1; l) H (0; 1x2) + 

2Vl-li2l-lX2 / 4^1- 1X2 / 

]g (-^,V2i3, l] H (0; 1x2) + ]g (r^' ^231, 1; H (0; 1x2) + 

4^1- lt2 1-1X2/ 4^1- 1x2 / 

]g (-^,V23i,-^; 1) H (0; 1x2) - -G f 0' ^312; 1) H (0; 1x2) + 

4Vl-li2 1-^X2/ 4\1-1X3 / 

\g ( 0' ^321; 1) H (0; 1x2) - \g ( ^^,^^312; 1 j H (0; 1x2) + 

4Vl-^t3 / 2Vl-^3l-'"3 / 

\g (-^,-^,i;32i;1) H{Q-U2)-\g (-^,^X312,1;1 ) i^(0;iX2) + 
\g ( ^X312, — ; 1 ) (0; 1x2) + \g ( iX3i2, 1 ) H (0; 1x2) - 

4 V 1 - '"3 U2 J 4 V 1 - ■"3 I-U3 J 

\g f-^, ^^312, 0; 1) a (0; 1x2) - \g {-^,V3X2. H (0; 1x2) + 

\g ( ^^321, 0; 1 ) a (0; 1x2) + \g ( ^^321, 1 ) (0; 1x2) + 

A. \\-u3 J 2 \l-u3 1-1x3/ 

\g [vi2^, 1, 3-^; 1] H (0; 1x2) + \g (vn3, 1; l) H (0; 1x2) - 
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\g (^vi32, 1, 3-^; 1) H (0; U2) - \g {v^z2. 3-^, 1; 1) a (0; U2) + 

\q (^-213, 1, 1) ^ (0; ^2) + (1^213, i; i) ^ (o; ^2) + 
\q {v2-ix. 1, 1) H (0; U2) + -G f 1^231, :r^' 1; ^ "2) - 

(^312, 1, 3-^; 1) if (0; U2) - \q [v^x2. 1; 1) Ji (0; U2) + 

(^321, 1, 1) ^ (0; ^2) + \q (t^32i, i; i) ^ (O; "2) + 

-G f-, 1) i/ (0; ux) H (0; ^2) + 7G f-, H (0; «i) (0; U2) + 

f ~ ^ ^ ; 1) (0; ui) (0; U2) - 

4 V 1 - ^3 lil + ^^3 - 1 / 

(t3^' "312; 1) ii" (0; ni) H (0; ^2) - (3;:^, ^^312; H (0; H (0; ^2) - 
1./ 1 .A .... . . 5 o, 



Ip (^13^' ^321; 1 j if (0; ui) if (0; U2) + —i^'R (0; ui) if (0; U2) - 
-G f 0, -, \\ H (0; «3) - ]g (q, -, -^—i 1) H (0; ^3) + 

4 V Ui Ui + Its / 4 \ «2 «2 + tt3 / 

-G U ""l'^ 1) H (0; «3) - f 0, — if (0; ug) - 

4 \ til + M2 - 1 1 - ni / 4 \ U3 U1+U3 ) 

-G f 0, 1, \\ H (0; «3) - \g U "1'"^ l) if (0; ^3) - 

4 V «3 «2 + 1*3 / 4 V U2 + U3 - 1 1 - ^2 y 

^rG i-^, 1, -; ll if (0;t.3) + f :r^, ~ ^ ., , 1; 1^ if (0; ua) - 



4 \ 1 — Wi tt3 / 4 \ 1 — 111 Ml + li2 — 1 

7G f-^, "1'"^ 1) if (0; na) + ^G f-, 0, -; l) if (0; u^) - 

4 \1 — 111 111 + ll2 — 1 1 — lii / 2 \lli ^3 / 

-G f-, 0, 1) H (0; ^3) + 7G f-, -, if (0; U3) + 

4 \mi tii + ti3 y 4 \ui U3 111+^3 y 

¥ fr^.^^>0;l) fl(0;„3) + io(^,^i^.-i-;l) (0;„3)- 

4 V 1 - ll2 1^2 + 1^3 - 1 y 4 \ 1 - n2 U2 + '^'3 - 1 1 - 1*2 / 

1° (r^- ') ^ „3) + (1,0, 1) « (0;.3) - 

4 \ 1 - ll2 tl2 + tl3 - 1 W2 + «3 - 1 y 2 \ U2 ns J 

-G f-, 0, 1) H (0; ^3) + 7G f-, if (0; - 

4 \U2 U2+U3 J 4: \U2 U3 U2+U3 J 

^G (-,0, l) H (0; us) - ^G (-,0, l) H (0; m) + 

4 \U3 ui+us J 4 \ M3 U2 + U3 J 

jG 1) H (0; ^^3) + jG l) H (0; ^.3) + 

4 \M3 Ui ni+ll3 y 4 \M3 M2 1i2 + ?^'3 / 

Ig 1) if (0;«3) + ^G f-, -, l] H {0;us) - 

2 Vti3 ti3 tii + u3 y 2 v«3 «3 U2 + U3 y 

(°' ^ ""'^ ^ (°' ^ ""^^ ~ 
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\q f 0, ^xi23, l) H (0; ns) - \g f 0, ni23, — ; 1 ^ (0; u-,) + 

\q f 0, U231, l) (0; ua) - -g f 0, ~ ^ ; H (0; txg) - 

\g (0, t;i23, 1) H (0; ^3) + [q, ^231, 3-^; l) (0; ^3) + 

\q f 0, i;3i2, rp^; 1) (0; U3) + -Q f 0, 7;32i, rp^; H (0; ^3) - 
4V l-'"3/ 4V l-^^3/ 

\q f ^123; ^ (0; ^3) + i-r^, —^,vi^2; i] h (O; ^3) - 

1 \1 — ui 1 — Ui J 1 \1 — Ui 1 — Ul J 

\q f :r^' "123, 1; l") H (0; ^3) + f-^, ni23, (0; ^3) + 

4\1 — Ul / 4\1 — Ml \ — u\) 

\q ( :r^' ^123, — ; 1 ) (0; u-i) - -G (—^,vi2z, 0; 1 ) H (0; U3) - 
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In (l, 1,0, 1; —) + In f 1, 1, 1, 1; — ) + 1% (l, 1, 1, 1; —\ + 1% f 1, 1, 1, 1; —\ 
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